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SCHRO¨DINGER OPERATORS ON PERIODIC DISCRETE GRAPHS
EVGENY KOROTYAEV AND NATALIA SABUROVA
Abstract. We consider Schro¨dinger operators with periodic potentials on periodic discrete
graphs. The spectrum of the Schro¨dinger operator consists of an absolutely continuous part
(a union of a finite number of non-degenerated bands) plus a finite number of flat bands,
i.e., eigenvalues of infinite multiplicity. We obtain estimates of the Lebesgue measure of the
spectrum in terms of geometric parameters of the graph and show that they become identities
for some class of graphs. Moreover, we obtain stability estimates and show the existence and
positions of large number of flat bands for specific graphs. The proof is based on the Floquet
theory and the precise representation of fiber Schro¨dinger operators, constructed in the paper.
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1. Introduction
We discuss the spectral properties of both Laplacians and Schro¨dinger operators on Zd-
periodic discrete graphs, d > 2. Schro¨dinger operators on periodic graphs are of interest due
to their applications to problems of physics and chemistry. They are used to study properties
of different periodic media, e.g. nanomedia, see [Ha85], [NG04] and a nice survey [CGPNG09].
There are a lot of papers, and even books, on the spectrum of discrete Laplacians on finite
and infinite graphs (see [BK12], [Ch97], [CDS95], [CDGT88], [P12] and references therein).
There are results about spectral properties of discrete Schro¨dinger operators on specific Zd-
periodic graphs. Schro¨dinger operators with decreasing potentials on the lattice Zd are con-
sidered by Boutet de Monvel-Sahbani [BS99], Isozaki-Korotyaev [IK12], Rosenblum-Solomjak
[RoS09] and see references therein. Ando [A12] considers the inverse spectral theory for the
discrete Schro¨dinger operators with finitely supported potentials on the hexagonal lattice.
Gieseker-Kno¨rrer-Trubowitz [GKT93] consider Schro¨dinger operators with periodic potentials
on the lattice Z2, the simplest example of Z2-periodic graphs. They study its Bloch variety
and its integrated density of states. Korotyaev-Kutsenko [KK10] – [KK10b] study the spectra
of the discrete Schro¨dinger operators on graphene nano-tubes and nano-ribbons in external
fields.
Date: August 15, 2018.
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1.1. The definition of Schro¨dinger operators on periodic graphs. Let Γ = (V, E) be a
connected graph, possibly having loops and multiple edges, where V is the set of its vertices
and E is the set of its unoriented edges. The graphs under consideration are embedded into Rd.
An edge connecting vertices u and v from V will be denoted as the unordered pair (u, v)e ∈ E
and is said to be incident to the vertices. Vertices u, v ∈ V will be called adjacent and denoted
by u ∼ v, if (u, v)e ∈ E . We define the degree κv = deg v of the vertex v ∈ V as the number
of all its incident edges from E (here a loop is counted twice). Below we consider locally finite
Zd-periodic graphs Γ (see examples in Figures 7a, 10a), i.e., graphs satisfying the following
conditions:
1) the number of vertices from V in any bounded domain ⊂ Rd is finite;
2) the degree of each vertex is finite;
3) Γ has the periods (a basis) a1, . . . , ad in R
d, such that Γ is invariant under translations
through the vectors a1, . . . , ad:
Γ + as = Γ, ∀ s ∈ Nd = {1, . . . , d}.
In the space Rd we consider a coordinate system with the origin at some point O. The
coordinate axes of this system are directed along the vectors a1, . . . , ad. Below the coordinates
of all vertices of Γ will be expressed in this coordinate system. From the definition it follows
that a Zd-periodic graph Γ is invariant under translations through any integer vector m:
Γ +m = Γ, ∀m ∈ Zd.
Let ℓ2(V ) be the Hilbert space of all square summable functions f : V → C, equipped with
the norm
‖f‖2ℓ2(V ) =
∑
v∈V
|f(v)|2 <∞.
We define the self-adjoint Laplacian (or the Laplace operator) ∆ on f ∈ ℓ2(V ) by(
∆f
)
(v) =
∑
(v, u)e∈E
(
f(v)− f(u)), v ∈ V. (1.1)
We recall basic facts about the spectrum for both finite and periodic graphs (see [Me94],
[M91], [M92], [MW89]): the point 0 belongs to the spectrum σ(∆) containning in [0, 2κ+],
i.e.,
0 ∈ σ(∆) ⊂ [0, 2κ+], where κ+ = sup
v∈V
deg v <∞. (1.2)
We consider the Schro¨dinger operator H acting on the Hilbert space ℓ2(V ) and given by
H = ∆+Q, (1.3)(
Qf
)
(v) = Q(v)f(v), ∀v ∈ V, (1.4)
where we assume that the potential Q is real valued and satisfies
Q(v + a˜s) = Q(v), ∀ (v, s) ∈ V × Nd,
for some linearly independent integer vectors a˜1, . . . , a˜d ∈ Zd (in the basis a1, . . . , ad). The
vectors a˜1, . . . , a˜d are called the periods of the potential Q. Since the periods a˜1, . . . , a˜d of
the potential are also periods of the periodic graph, we may assume that the periods of the
potential are the same as the periods of the graph.
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1.2. The definitions of fundamental graphs and edge indices. In order to define the
Floquet-Bloch decomposition (1.11) of Schro¨dinger operators we need to introduce the two
oriented edges (u, v) and (v, u) for each unoriented edge (u, v)e ∈ E : the oriented edge starting
at u ∈ V and ending at v ∈ V will be denoted as the ordered pair (u, v). We denote the set
of all oriented edges by A.
We define the fundamental graph Γf = (Vf , Ef) of the periodic graph Γ as a graph on the
surface Rd/Zd by
Γf = Γ/Z
d ⊂ Rd/Zd. (1.5)
The fundamental graph Γf has the vertex set Vf , the set Ef of unoriented edges and the set
Af of oriented edges, which are finite (see Proposition 3.1.i). Denote by v1, . . . , vν the vertices
of Vf , where ν <∞ is the number of vertices of Γf . We identify them with the vertices of V
from the set [0, 1)d by
Vf = [0, 1)
d ∩ V = {v1, v2, . . . , vν}, (1.6)
see Fig.1. Due to (1.6) for any v ∈ V the following unique representation holds true:
v = [v] + v˜, [v] ∈ Zd, v˜ ∈ Vf ⊂ [0, 1)d. (1.7)
In other words, each vertex v can be represented uniquely as the sum of an integer part
[v] ∈ Zd and a fractional part v˜ that is a vertex of the fundamental graph Γf . We introduce
an edge index, which is important to study the spectrum of Schro¨dinger operators on periodic
graphs. For any oriented edge e = (u, v) ∈ A we define the edge ”index” τ(e) as the integer
vector by
τ(e) = [v]− [u] ∈ Zd, (1.8)
where due to (1.7) we have
u = [u] + u˜, v = [v] + v˜, [u], [v] ∈ Zd, u˜, v˜ ∈ Vf .
If e = (u, v) is an oriented edge of the graph Γ, then by the definition of the fundamental
graph there is an oriented edge e˜ = (u˜, v˜ ) on Γf . For the edge e˜ ∈ Af we define the edge
index τ(e˜) by
τ(e˜) = τ(e). (1.9)
In other words, edge indices of the fundamental graph Γf are induced by edge indices of the
periodic graph Γ. In a fixed coordinate system the index of the fundamental graph edge is
uniquely determined by (1.9), since due to Proposition 3.1.ii.c, we have
τ(e +m) = τ(e), ∀ (e, m) ∈ A× Zd.
But generally speaking, the edge indices depend on the choice of the coordinate origin O.
Edges with nonzero indices will be called bridges (see Fig.1). They are important to describe
the spectrum of the Schro¨dinger operator. The bridges provide the connectivity of the periodic
graph and the removal of all bridges disconnects the graph into infinitely many connected
components. The set of all bridges of the fundamental graph Γf we denote by Bf .
1.3. Floquet decomposition of Schro¨dinger operators. Recall that the fundamental
graph Γf = (Vf , Ef) has the finite vertex set Vf = {v1, . . . , vν} ⊂ [0, 1)d. Due to this notation,
we can denote the potential Q on the fundamental graph Γf by
Q(vj) = qj , j ∈ Nν = {1, . . . , ν}. (1.10)
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Figure 1. A graph Γ with ν = 5; only edges of the fundamental graph Γf are shown;
the bridges (v1, v2 + a1), (v1, v3 + a2), (v3, v2 + a1), (v3, v4 + a1 + a2) of Γf are marked by
bold.
The Schro¨dinger operator H = ∆ + Q on ℓ2(V ) has the standard decomposition into a
constant fiber direct integral
ℓ2(V ) =
1
(2π)d
∫ ⊕
Td
ℓ2(Vf) dϑ, UHU
−1 =
1
(2π)d
∫ ⊕
Td
H(ϑ)dϑ, (1.11)
for some unitary operator U . Here ℓ2(Vf) = C
ν is the fiber space and H(ϑ) is the Floquet
ν × ν (fiber) matrix and ϑ ∈ Td = Rd/(2πZ)d is the quasimomentum.
Note that the decomposition of discrete Schro¨dinger operators on periodic graphs into a
constant fiber direct integral (1.11) (without an exact form of fiber operators) was discussed
by Higuchi-Shirai [HS04], Rabinovich-Roch [RR07], Higuchi-Nomura [HN09]. In particular,
they prove that the spectrum of Schro¨dinger operators consists of an absolutely continuous part
and a finite number of flat bands (i.e., eigenvalues with infinite multiplicity). The absolutely
continuous spectrum consists of a finite number of intervals (spectral bands) separated by
gaps.
Theorem 1.1. i) The Schro¨dinger operator H = ∆+Q acting on ℓ2(V ) has the decomposition
into a constant fiber direct integral (1.11), where the Floquet (fiber) matrix H(ϑ) is given by
H(ϑ) = ∆(ϑ) + q, q = diag(q1, . . . , qν), ∀ϑ ∈ Td. (1.12)
The Floquet matrix ∆(ϑ) = {∆jk(ϑ)}νj,k=1 for the Laplacian ∆ is given by
∆jk(ϑ) = κjδjk −

∑
e=(vj , vk)∈Af
e i〈τ(e), ϑ〉, if (vj , vk) ∈ Af
0, if (vj , vk) /∈ Af
, (1.13)
where κj is the degree of vj, δjk is the Kronecker delta and 〈· , ·〉 denotes the standard inner
product in Rd.
ii) Let H(1)(ϑ) be a Floquet matrix for H defined by (1.12), (1.13) in another coordinate
system with an origin O1. Then the matrices H
(1)(ϑ) and H(ϑ) are unitarily equivalent for
all ϑ ∈ Td.
iii) The entry ∆jk(·) of the Floquet matrix ∆(·) = {∆jk(·)}νj,k=1 is constant iff there is no
bridge (vj , vk) ∈ Af .
iv) The Floquet matrix ∆(·) has at least one non-constant entry ∆jk(·) for some j 6 k.
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Remark. 1) The identity (1.13) for the Floquet (fiber) operator is new. It is important to
study spectral properties of Schro¨dinger operators acting on graphs.
2) Badanin-Korotyaev-Saburova [BKS13] derived different spectral properties of normalized
Laplacians on Z2-periodic graphs. Their proof is based on an exact form of a fiber operator,
which is used in our paper.
2. Main results
2.1. Estimates of bands. Theorem 1.1 and standard arguments (see Theorem XIII.85 in
[RS78]) describe the spectrum of the Schro¨dinger operator H = ∆+ Q. Each Floquet ν × ν
matrix H(ϑ), ϑ ∈ Td, has ν eigenvalues λn(ϑ), n ∈ Nν , which are labeled in increasing order
(counting multiplicities) by
λ1(ϑ) 6 λ2(ϑ) 6 . . . 6 λν(ϑ), ∀ϑ ∈ Td = Rd/(2πZ)d. (2.1)
Since H(ϑ) is self-adjoint and analytic in ϑ ∈ Td, each λn(·), n ∈ Nν , is a real and piecewise
analytic function on the torus Td and defines a dispersion relation. Define the spectral bands
σn(H) by
σn(H) = [λ
−
n , λ
+
n ] = λn(T
d), n ∈ Nν . (2.2)
Sy and Sunada [SS92] show that the lower point of the spectrum σ(H) of the operator H is
λ1(0), i.e., λ1(0) = λ
−
1 . Thus, the spectrum of the operator H on the graph Γ is given by
σ(H) =
⋃
ϑ∈Td
σ
(
H(ϑ)
)
=
ν⋃
n=1
σn(H). (2.3)
Note that if λn(·) = Cn = const on some set B ⊂ Td of positive Lebesgue measure, then the
operator H on Γ has the eigenvalue Cn with infinite multiplicity. We call Cn a flat band. Each
flat band is generated by finitely supported eigenfunction, see [HN09]. Thus, the spectrum of
the Schro¨dinger operator H on the periodic graph Γ has the form
σ(H) = σac(H) ∪ σfb(H). (2.4)
Here σac(H) is the absolutely continuous spectrum, which is a union of non-degenerated
intervals, and σfb(H) is the set of all flat bands (eigenvalues of infinite multiplicity). An open
interval between two neighboring non-degenerated spectral bands is called a spectral gap.
The eigenvalues of the Floquet matrix ∆(ϑ) for the Laplacian ∆ will be denoted by λ0n(ϑ),
n ∈ Nν . The spectral bands for the Laplacian σ0n = σn(∆), n ∈ Nν , have the form
σ0n = σn(∆) = [λ
0−
n , λ
0+
n ] = λ
0
n(T
d). (2.5)
Theorem 2.1. Let the Schro¨dinger operator H = ∆+Q act on ℓ2(V ). Then
i) Let a coefficient ∆jk(·) for some j, k ∈ Nν satisfy
|∆jk(·)| 6= const . (2.6)
Then the first spectral band σ1(H) = [λ
−
1 , λ
+
1 ] is non-degenerated, i.e., λ
−
1 < λ
+
1 .
ii) The Lebesgue measure |σ(H)| of the spectrum of H satisfies
|σ(H)| 6
ν∑
n=1
|σn(H)| 6 2β, (2.7)
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where β is the number of fundamental graph bridges. Moreover, if in the spectrum σ(H) there
exist s spectral gaps γ1(H), . . . , γs(H), then the following estimates hold true:
s∑
n=1
|γn(H)| > λ+ν − λ−1 − 2β > C0 − 2β,
C0 = max{λ0+ν − q• , q• − 2κ+}, q• = max
n
qn −min
n
qn.
(2.8)
The estimates (2.7) and the first estimate in (2.8) become identities for some classes of graphs,
see (2.15).
Remark. 1) The total length of spectral bands depends essentially on the number of bridges
on the fundamental graph Γf . If we remove the coordinate system, then the number of bridges
on Γf is changed in general. In order to get the best estimate in (2.7) we have to choose a
coordinate system in which the number β is minimal.
2) The condition (2.6) holds true for very large class of graphs. However, there exist graphs
for which this condition does not hold true. An example of such graph is shown in Fig.6a.
3) Below we need the simple, basic fact of Laplacian on periodic graphs:
the first spectral band σ1(∆) = [0, λ
0+
1 ] of ∆ is non-degenerated, i.e., λ
0+
1 > λ
0−
1 = 0.
It can be reformulated: the point 0 is never a flat band of ∆.
Unfortunately, we can not find a paper, proving this fact and we will prove one in Proposition
3.2.
4) Sy and Sunada prove that λ−1 = λ1(0) for a more general class of graphs including Z
d-
periodic graphs (see Theorem 1, p.143 in [SS92]). But they do not discuss the question if the
first spectral band is degenerated or not.
5) If q• > 2κ+ (q• is large enough), then C0 = q• − 2κ+. If q• < λ0+ν (q• is small enough),
then C0 = λ
0+
ν − q•.
We consider the Schro¨dinger operator Ht = ∆+ tQ, where the potential Q is ”generic” and
t ∈ R is the coupling constant. We discuss spectral bands of Ht for t large enough.
Theorem 2.2. Let the Schro¨dinger operator Ht = ∆ + tQ, where the potential Q satisfies
qj 6= qk for all j, k ∈ Nν , j 6= k, and the real coupling constant t is large enough. Without
loss of generality we assume that q1 < q2 < . . . < qν. Then each eigenvalue λn(ϑ, t) of the
corresponding Floquet matrix Ht(ϑ) and each spectral band σn(Ht), n ∈ Nν, satisfy
λn(ϑ, t) = tqn +∆nn(ϑ)− 1
t
ν∑
j=1
j 6=n
|∆jn(ϑ)|2
qj − qn +
O(1)
t2
,
|σn(Ht)| = |∆nn(Td)|+O(1/t)
(2.9)
as t→∞, uniformly in ϑ ∈ Td. In particular, we have
|σ(Ht)| = C +O(1/t), where C =
ν∑
n=1
|∆nn(Td)| (2.10)
and C > 0, if there are bridge-loops on Γf and C = 0 if there are no bridge-loops on Γf .
Remark. Asymptotics (2.9) yield that a small change of the potential gives that all spectral
bands of the Schro¨dinger operator Ht become open for t large enough, i.e., the spectrum of
Ht is absolutely continuous.
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Definition of Loop Graphs. i) A periodic graph Γ is called a loop graph if all bridges of
some fundamental graph Γf are loops. This graph Γf is called a loop fundamental graph.
ii) A loop graph Γ is called precise if cos〈τ(e), ϑ0〉 = −1 for all bridges e ∈ Bf and some
ϑ0 ∈ Td, where τ(e) ∈ Zd is the index of a bridge e of Γf . This point ϑ0 is called a precise
quasimomentum of the loop graph Γ.
A class of all precise loop graphs is large enough. The simplest example of precise loop
graphs is the lattice graph Ld = (V, E), where the vertex set and the edge set are given by
V = Zd, E = {(m,m+ a1), . . . , (m,m+ ad), ∀m ∈ Zd}, (2.11)
and a1, . . . , ad is the standard orthonormal basis, see Fig.8a. The graph L
d has an infinite
number of fundamental graphs. The ”minimal” fundamental graph Ldf of the lattice L
d
consists of one vertex v = 0 and d unoriented edge-loops (v, v), see Fig.8b. All bridges of Ldf
are loops and their indices have the form ±a1,±a2, . . . ,±ad. Thus, for the quasimomentum
ϑ0 = (π, . . . , π) ∈ Td we have cos〈τ(e), ϑ0〉 = −1 for all bridges e ∈ Ldf and the graph Ld is
a precise loop graph. It is known that the spectrum of the Laplacian ∆ on Ld has the form
σ(∆) = σac(∆) = [0, 4d].
We consider perturbations of loop graphs and precise loop graphs. A simple example of a
precise loop graph Γ∗ obtained by perturbations of the square lattice L2 is given in Fig.2a.
Proposition 2.3. i) There exists a loop graph, which is not precise.
ii) Let Γ = (E , V ) be a loop graph and let Γ′ = (E ′, V ′) ⊂ Rd be any connected finite graph
such that its diameter is small enough. We take some points v ∈ V and v′ ∈ V ′. We joint the
graph Γ′ with each point from the vertex set v + Zd, identifying the vertex v′ with each vertex
of v + Zd. Then the obtained graph Γ∗ is a loop graph. Moreover, if Γ is precise, then Γ∗ is
also precise and the precise quasimomentum ϑ0 of Γ is also a precise quasimomentum of Γ∗.
❜
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Figure 2. a) Precise loop graph Γ∗; b) the fundamental graph Γ∗f .
Remark. Applying this procedure to the obtained loop graph Γ∗ and to another connected
finite graph Γ1 we obtain a new loop graph Γ∗∗ and so on. Thus, from one loop graph we
obtain a whole class of loop graphs.
We now describe bands for precise loop periodic graphs.
Theorem 2.4. i) Let the Schro¨dinger operator H = ∆ + Q act on a loop graph Γ. Then
spectral bands σn = σn(H) = [λ
−
n , λ
+
n ] satisfy
λ−n = λn(0), ∀ n ∈ Nν . (2.12)
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ii) Let, in addition, Γ be precise with a precise quasimomentum ϑ0 ∈ Td. Then
σn = [λ
−
n , λ
+
n ] = [λn(0), λn(ϑ0)], ∀n ∈ Nν , (2.13)
ν∑
n=1
|σn| = 2β, (2.14)
where β is the number of bridge-loops on the loop fundamental graph Γf . In particular, if all
bridges of Γf have the form (vk, vk) for some vertex vk ∈ Vf , then
|σ(H)| =
ν∑
n=1
|σn| = 2β. (2.15)
Remark. 1) Due to (2.14), the total length of all spectral bands of the Schro¨dinger operators
H = ∆+Q on precise loop graphs does not depend on the potential Q.
2) The number of the loop fundamental graph bridges can be any integer, then due to (2.15)
the Lebesgue measure |σ(H)| of the spectrum of H (on the specific graphs) can be greater
than any number.
3) λ−n , n ∈ Nν , are the eigenvalues of the Schro¨dinger operator H(0) defined by (1.12),
(1.13) on the fundamental graph Γf . The identities (2.13) are similar to the case of N -
periodic Jacobi matrices on the lattice Z (and for Hill operators). The spectrum of these
operators is absolutely continuous and is a union of spectral bands, separated by gaps. The
endpoints of the bands are the so-called 2N -periodic eigenvalues.
Proposition 2.5. Let ν, d > 2. Then there exists a Zd-periodic graph Γ, such that the
spectrum of ∆ on Γ has exactly 2 open separated spectral bands σ1(∆) and σν(∆) and between
them, in the gap, ν − 2 degenerated spectral bands (flat bands) σ2(∆) = . . . = σν−1(∆).
Remark. There is an open problem: does there exist a Zd-periodic graph with any ν > 2
vertices in the fundamental graph such that the spectrum of the Laplacian on Γ has only 1
spectral band and ν − 1 flat bands, counting multiplicity?
2.2. Crystal models. It is known that the majority of common metals have either a face
center cubic (FCC) structure (Fig.10), a body centered cubic (BCC) structure (Fig.9) or a
hexagonal close packed (HCP) structure (see [BM80]). The differences between these struc-
tures lead to different physical properties of bulk metals. For example, FCC metals, Cu, Au,
Ag, are usually soft and ductile, which means they can be bent and shaped easily. BCC
metals are less ductile but stronger, for example iron, while HCP metals are usually brittle.
Zinc is HCP and is difficult to bend without breaking, unlike copper. These structures are
obtained from the cubic lattice L3 by adding vertices and edges. In Section 8 we consider the
Schro¨dinger operator on the hexagonal lattice, on the face-centered cubic lattice and on the
body-centered cubic lattice.
3. Direct integrals for Schro¨dinger operators
In Proposition 3.1 we present properties of periodic graphs, needed to prove main results.
We omit the proof, since the proof repeats the case of Z2-periodic graph from [BKS13].
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Proposition 3.1. i) Each fundamental graph of a Zd-periodic graph is finite.
ii) Let (u, v) ∈ A and let m,n ∈ Zd. Then the following statements hold true:
a) τ(u, v) = −τ(v, u).
b) If (v +m, v + n) ∈ A, then the index τ(v +m, v + n) = n−m.
c) The edge (u+m, v +m) ∈ A and its index τ(u+m, v +m) = τ(u, v).
iii) Let τ (1)(e˜) be the index of an edge e˜ = (u, v) ∈ Af in the coordinate system with an
origin O1. Let [v] ∈ Zd denote the integer part of v. Then (see Fig.3)
τ (1)(e˜) = τ(e˜) + [v − b]− [u− b], where b = −→OO1. (3.1)
r
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a2
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✁
✁
✁✕
✏✏
✏✏
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✁
✁✕
b
❅
❅
❅
❅
❅
❜
❜
v + n (v + n− b)
e
u+m (u+m− b)
Figure 3. The edge e = (u + m, v + n) in the coordinate system with the origin O;
e = (u+m− b, v + n− b) in the coordinate system with the origin O1; a1, a2 are the periods
of the graph.
Remark. 1) From iii) it follows that an edge index, generally speaking, depends on the choice
of the coordinate origin.
2) Item ii.b shows that the index of the edge (v+m, v+n) ∈ A does not depend on the choice
of the coordinate origin O. It also means that the indices of all loops on the fundamental
graph do not depend on the choice of the point O.
3) Under the group Zd action the set A of oriented edges of the graph Γ is divided into
equivalence classes. Each equivalence class is an oriented edge e ∈ Af of the fundamental
graph Γf . From item ii.c it follows that all edges from one equivalence class e have the same
index that is also the index of the fundamental graph edge e.
Now we discuss definitions of other Laplacians [MW89] which are used in the literature.
Firstly, we consider the so-called adjacency operator A acting on ℓ2(V ) and given by(
Af
)
(v) =
∑
(v, u)e∈E
f(u), v ∈ V, (3.2)
where all loops in the sum are counted twice. Note that the adjacency operator A satisfies:
∆ = κ −A, σ(A) ⊂ [−κ+,κ+], (3.3)
where κ is the degree operator defined by
(
κf
)
(v) = κvf(v) for all f ∈ ℓ2(V ).
Secondly, there exists the normalized Laplace operator ∆∗ acting on ℓ2(V ) and given by
∆∗ = 1 − κ− 12Aκ− 12 , (3.4)
where 1 is the identity operator.
Thirdly, we introduce the Hilbert space ℓ2(A) of all square summable functions φ : A → C
such that φ(e) = −φ(e¯) for all e ∈ A, equipped with the norm
‖φ‖2ℓ2(A) = 12
∑
e∈A
|φ(e)|2 <∞.
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Here e¯ is the inverse edge of e. We define the operator ∇Γ : ℓ2(V )→ ℓ2(A) by
(∇Γf)(e) = f(v)− f(u), ∀f ∈ ℓ2(V ), where e = (u, v).
The conjugate operator ∇∗Γ : ℓ2(A)→ ℓ2(V ) has the form
(∇∗Γφ)(v) = −
∑
e=(v,u)∈A
φ(e), ∀φ ∈ ℓ2(A).
Then the Laplacian ∆ satisfies
∆ = ∇∗Γ∇Γ.
These operators are used in different applications. It is known [C97] that the investigation
of the spectrum of Laplacians and Schro¨dinger operators on an equilateral metric graph (i.e.,
a graph consisting of identical segments) can be reduced to the study of the spectrum of the
discrete normalized Laplacian ∆∗, see (3.4). In [KS] we describe spectral properties (including
the Bethe-Sommerfeld conjecture) of Laplace operators on quantum graphs. In order to do
this we need to study the spectrum of the normalized Laplacian ∆∗. The spectrum of the
perturbed normalized Laplacians (3.4) on Zd-periodic graphs is studied in our another paper
[KS1].
We begin to discuss the Laplacian ∆ given by (1.13). We rewrite the Floquet matrix ∆(ϑ)
for the Laplacian ∆ in terms of a degree matrix κ0 and an adjacency matrix A(ϑ) by
∆(ϑ) = κ0 −A(ϑ), κ0 = diag(κ1, . . . ,κν), ϑ ∈ Td. (3.5)
From (3.5) and (1.13) it follows that the matrix A(ϑ) is given by
A(ϑ) = {Ajk(ϑ)}νj,k=1, Ajk(ϑ) =

∑
e=(vj , vk)∈Af
e i〈τ(e), ϑ〉, if (vj, vk) ∈ Af
0, if (vj, vk) /∈ Af
. (3.6)
From (1.12) and (3.5) it follows that
H(ϑ) = κ0 −A(ϑ) + q. (3.7)
Proof of Theorem 1.1.i – iii. i) In the proof we use some arguments from [BKS13] about a
normalized Laplacian on Z2 -periodic graphs, but we need additional ones, since we consider
Schro¨dinger operators H = ∆+Q and the Laplacian ∆ is not normalized.
We introduce the Hilbert space (a constant fiber direct integral) H = L2
(
T
d, dϑ
(2π)d
,H) =∫ ⊕
Td
H dϑ
(2π)d
, where H = Cν , equipped with the norm
‖g‖2H =
∫
Td
‖g(ϑ)‖2Cν
dϑ
(2π)d
,
where a function g : Td → Cν .
Denote by ℓ2fin(V ) the set of all finitely supported functions f ∈ ℓ2(V ). Recall that the
vertices of Γf are identified with the vertices v1, . . . , vν of the periodic graph Γ from the set
[0, 1)d. Let U : ℓ2(V )→ H be the operator defined by
(Uf)n(ϑ) =
∑
m∈Zd
e−i〈m,ϑ〉f(vn +m), (ϑ, n) ∈ Td × Nν . (3.8)
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Standard arguments (see pp. 290–291 in [RS78]) give that U is well defined on ℓ2fin(V ) and
has an unique extension to a unitary operator. For f ∈ ℓ2fin(V ) the sum (3.8) is finite and
using the identity V =
{
vn +m : (n,m) ∈ Nν × Zd
}
we have
‖Uf‖2
H
=
∫
Td
‖(Uf)(ϑ)‖2
Cν
dϑ
(2π)d
=
∫
Td
ν∑
n=1
( ∑
m∈Zd
e−i〈m,ϑ〉f(vn +m)
)( ∑
m′∈Zd
ei〈m
′,ϑ〉f¯(vn +m′)
)
dϑ
(2π)d
=
ν∑
n=1
∑
m,m′∈Zd
(
f(vn +m)f¯(vn +m
′)
∫
Td
e−i〈m−m
′,ϑ〉 dϑ
(2π)d
)
=
ν∑
n=1
∑
m∈Zd
∣∣f(vn +m)∣∣2 =∑
v∈V
|f(v)|2 = ‖f‖2ℓ2(V ).
Thus, U is well defined on ℓ2fin(V ) and has a unique isometric extension. In order to prove
that U is onto H we compute U∗. Let g =
(
gn
)
n∈Nν ∈ H , where gn : Td → C. We define
(U∗g)(v) =
∫
Td
ei〈m,ϑ〉gn(ϑ)
dϑ
(2π)d
, v = vn +m ∈ V, (n,m) ∈ Nν × Zd, (3.9)
where (n,m) ∈ Nν ×Zd are uniquely defined. A direct computation gives that it is indeed the
formula for the adjoint of U . Moreover, the Parseval’s identity for the Fourier series gives
‖U∗g‖2ℓ2(V ) =
∑
v∈V
∣∣(U∗g)(v)∣∣2 = ν∑
n=1
∑
m∈Zd
∣∣(U∗g)(vn +m)∣∣2 = ν∑
n=1
∑
m∈Zd
∣∣∣∣ ∫
Td
ei〈m,ϑ〉gn(ϑ)
dϑ
(2π)d
∣∣∣∣2
=
ν∑
n=1
∫
Td
∣∣gn(ϑ)∣∣2 dϑ
(2π)d
=
∫
Td
ν∑
n=1
∣∣gn(ϑ)∣∣2 dϑ
(2π)d
= ‖g‖2H ,
Recall that Ajk(ϑ) is defined by (3.6). Then for f ∈ ℓ2fin(V ) and j ∈ Nν we obtain
(UAf)j(ϑ) =
∑
m∈Zd
e−i〈m,ϑ〉(Af)(vj +m) =
∑
m∈Zd
e−i〈m,ϑ〉
∑
(vj+m, u)e∈E
f(u)
=
∑
m∈Zd
e−i〈m,ϑ〉
ν∑
k=1
∑
e=(vj ,vk)∈Af
f
(
vk + k + τ(e)
)
=
ν∑
k=1
∑
e=(vj ,vk)∈Af
ei〈τ(e),ϑ〉
∑
m∈Zd
e−i〈m+τ(e),ϑ〉f
(
vk +m+ τ(e)
)
=
ν∑
k=1
∑
e=(vj ,vk)∈Af
ei〈τ(e),ϑ〉(Uf)k(ϑ) =
ν∑
k=1
Ajk(ϑ)(Uf)k(ϑ),
(3.10)
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and the operator κ +Q satisfies(
U(κ +Q)f
)
j
(ϑ) =
∑
m∈Zd
e−i〈m,ϑ〉
(
(κ +Q)f
)
(vj +m)
=
∑
m∈Zd
e−i〈m,ϑ〉(κj + qj)f(vj +m) = (κj + qj)(Uf)j(ϑ).
(3.11)
For the matrices A(ϑ) and κ0 defined by (3.5), the identities (3.10), (3.11) yield
(UAf)(ϑ) = A(ϑ)(Uf)(ϑ),
(
U(κ +Q)f
)
(ϑ) = (κ0 + q)(Uf)(ϑ).
Thus, due to ∆(ϑ) = κ0 −A(ϑ), we obtain
UHU−1 = U(∆ +Q)U−1 = U(κ +Q−A)U−1
=
1
(2π)d
∫ ⊕
Td
(
κ0 + q −A(ϑ)
)
dϑ =
1
(2π)d
∫ ⊕
Td
(
∆(ϑ) + q
)
dϑ =
1
(2π)d
∫ ⊕
Td
H(ϑ) dϑ,
which gives the proof of i).
ii) Recall that the vertices v1, . . . , vν of the fundamental graph Γf are identified with the
vertices of the periodic graph Γ from the set [0, 1)d in the coordinate system with the origin
O. Due to Proposition 3.1.iii, we have that for each (vj , vk) ∈ Af
τ (1)(vj , vk) = τ(vj , vk) +mk −mj , mk = [vk − b], mj = [vj − b], (3.12)
where τ (1)(vj, vk) is the index of the edge (vj, vk) in the coordinate system with the origin O1,
b =
−→
OO1. Let A
(1)(ϑ) be the matrix defined by (3.5), (3.6) in the coordinate system with the
origin O1. Applying (3.12), we obtain the following form for the entries of A
(1)(ϑ)
A
(1)
jk (ϑ) =
∑
e=(vj , vk)∈Af
ei〈τ
(1)(e),ϑ〉 = ei〈mk−mj ,ϑ〉
∑
e=(vj , vk)∈Af
ei〈τ(e), ϑ〉 = ei〈mk−mj , ϑ〉Ajk(ϑ). (3.13)
We introduce the diagonal ν × ν matrix
U(ϑ) = diag ( e−i〈m1, ϑ〉, . . . , e−i〈mν , ϑ〉 ) , ∀ϑ ∈ Td.
Using (3.13), we obtain
U(ϑ)A(ϑ)U−1(ϑ) = A(1)(ϑ), ∀ϑ ∈ Td. (3.14)
Since the matrices U(ϑ) and κ0 + q are diagonal, from (3.14) we deduce that for each ϑ ∈ Td
the matrices H(ϑ) = κ0 + q −A(ϑ) and H(1)(ϑ) = κ0 + q −A(1)(ϑ) are unitarily equivalent.
iii) This statement is a direct consequence of (1.13) and the definition of a bridge.
In order to prove iv), we need to discuss the following properties.
Proposition 3.2. i) The point 0 is never a flat band of the Laplacian ∆.
ii) The matrix H(0) is the Schro¨dinger operator on the fundamental graph Γf given by
H(0) = ∆(0) + q, ∆jk(0) = κjδjk − κjk , ∀ (j, k) ∈ N2ν , (3.15)
where κjk > 1 is the multiplicity of the edge (vj , vk), if (vj, vk) ∈ Af and κjk = 0, if (vj, vk) /∈
Af . Moreover, they satisfy
κj =
ν∑
k=1
κjk > 1, ∀ j ∈ Nν . (3.16)
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Proof. i) The proof is by contradiction. Let the point 0 be an eigenvalue of the Laplacian ∆
on a graph Γ. Then there exists an eigenfunction 0 6= f ∈ ℓ2(V ) with the eigenvalue 0 and
with a finite support B ⊂ V (see Theorem 3.2 in [HN09]). Let max
v∈B
f(v) = f(v˜) for some
v˜ ∈ B. Thus, we obtain
0 =
(
∆f
)
(v˜) = κv˜ f(v˜)−
∑
(v˜, u)e∈E
f(u) > κv˜ f(v˜)−
∑
(v˜, u)e∈E
f(v˜) = 0.
From this we deduce that the inequality has to be an equality, and therefore f(u) = f(v˜), ∀ u ∼
v˜. Repeating this argument until we reach a vertex from V \B, we conclude that f = 0. We
obtain a contradiction. Thus, the point 0 is never a flat band of ∆.
ii) A direct calculation of the entries of the matrices H(0) and ∆(0) using the formulas
(1.12), (1.13) gives the identities (3.15). From the definitions (1.1), (1.3), (1.4) it follows that
the Schro¨dinger operator on Γf has the form (3.15). Since the degree κj of the vertex vj is
equal to the number of oriented edges starting at vj, we obtain (3.16). From connectivity of
the graph Γ it follows that κj > 1.
Proof of Theorem 1.1.iv. The proof is by contradiction. Assume that all entries ∆jk(·),
1 6 j 6 k 6 ν, are constant. Since the matrix ∆(ϑ) is self-adjoint, all its entries are constant
and ∆(·) = ∆(0). Using the fact that ∆(0) is the Laplacian on the fundamental graph Γf ,
which has the eigenvalue 0, we deduce that the point 0 is an eigenvalue of ∆ with infinite
multiplicity. This contradicts Proposition 3.2.i.
4. Spectral estimates in terms of geometric parameters of the graph
Below we need the following representation of the Floquet matrix H(ϑ), ϑ ∈ Td:
H(·) = H0 + ∆˜(·), H0 = 1
(2π)d
∫
Td
H(ϑ)dϑ. (4.1)
From (4.1), (1.12), (1.13) we deduce that the matrix ∆˜(·) has the form
∆˜(ϑ) = {∆˜jk(ϑ)}νj,k=1, ∆˜jk(ϑ) = −
∑
e=(vj ,vk)∈Bf
e i〈τ(e), ϑ〉. (4.2)
Proposition 4.1. The lower point of the spectrum σ(H) of the operator H is λ1(0) = λ
−
1 .
Proof. Recall that Sy and Sunada prove this result for a more general class of graphs (see
Theorem 1, p.143 in [SS92]). Their proof is rather complicated. For readers’ convenience we
give here a simple proof, based on matrix properties. We define ν × ν matrix
K(ϑ) = α1 ν −H(ϑ) = A(ϑ)− (κ0 + q) + α1 ν, α = max
j∈Nν
(κj + qj), (4.3)
where A(ϑ) is defined by (3.5), (3.6). We arrange the eigenvalues of the matrix K(ϑ) in
increasing order ζ1(ϑ) 6 . . . 6 ζν(ϑ). Since A(0) is an adjacency matrix of the connected
graph Γf , due to Proposition 9.1.vi the matrix A(0) is irreducible. Then the matrix K(0),
that differs from A(0) in the diagonal entries only, is also irreducible. From (4.3) it follows
that all entries of the matrix K(0) are nonnegative. Then Proposition 9.1.vii implies that
the spectral radius ρ
(
K(0)
)
is a simple eigenvalue of K(0), i.e., ρ
(
K(0)
)
= ζν(0). From the
formulas (4.3), (3.6) it follows that the entries of K(ϑ) satisfy
|Kjk(ϑ)| 6 Kjk(0), ∀ (j, k, ϑ) ∈ N2ν × Td. (4.4)
14 EVGENY KOROTYAEV AND NATALIA SABUROVA
Then, Proposition 9.1.i implies that the spectral radius satisfies ρ
(
K(ϑ)
)
6 ρ
(
K(0)
)
= ζν(0),
which yields
α− λν−n+1(ϑ) = ζn(ϑ) 6 ζν(0) = α− λ1(0), ∀ (n, ϑ) ∈ Nν × Td.
Then λ1(0) 6 λn(ϑ), ∀ (n, ϑ) ∈ Nν × Td, which gives that λ1(0) = λ−1 .
Proof of Theorem 2.1. i) The proof for the case Q = 0 has been given in Proposition 3.2.i.
Let now |∆jk(·)| 6= const for some j, k ∈ Nν . Then for the entry Kjk(·) of the matrix K,
defined by (4.3), we have |Kjk(·)| 6= const. This, (4.4) and the irreducibility of the matrix
K(ϑ) according to Proposition 9.1.i–ii imply that the spectral radius ρ
(
K(ϑ)
)
satisfies
ρ
(
K(ϑ)
)
< ρ
(
K(0)
)
= ζν(0) = α− λ1(0)
for almost all ϑ ∈ Td. This yields
α− λ1(ϑ) = ζν(ϑ) 6 ρ
(
K(ϑ)
)
< α− λ1(0),
i.e., λ1(0) < λ1(ϑ) for almost all ϑ ∈ Td. Thus, the first spectral band ofH is non-degenerated.
ii) Define the diagonal operator B(ϑ) acting on Cν by
B(ϑ) = diag(B1, . . . , Bν)(ϑ), Bj(ϑ) =
ν∑
k=1
|∆˜jk(ϑ)|, ϑ ∈ Td. (4.5)
From (4.2) we deduce that
|∆˜jk(ϑ)| 6 |∆˜jk(0)| = βjk, ∀ (j, k, ϑ) ∈ N2ν × Td, (4.6)
where βjk is the number of bridges (vj , vk) on Γf . Then (4.6) gives
B(ϑ) 6 B(0), ∀ϑ ∈ Td. (4.7)
Then estimate (4.7) and Proposition 9.2.i yield
− B(0) 6 −B(ϑ) 6 ∆˜(ϑ) 6 B(ϑ) 6 B(0), ∀ϑ ∈ Td. (4.8)
We use some arguments from [BKS13], [Ku10]. Combining (4.1) and (4.8), we obtain
H0 − B(0) 6 H(ϑ) 6 H0 +B(0). (4.9)
Thus, the standard perturbation theory (see Proposition 9.1.iii) gives
λn(H0 − B(0)) 6 λ−n 6 λn(ϑ) 6 λ+n 6 λn(H0 +B(0)), ∀ (n, ϑ) ∈ Nν × Td, (4.10)
which implies∣∣σ(H)∣∣ 6 ν∑
n=1
(λ+n − λ−n ) 6
ν∑
n=1
(
λn(H0 +B(0))− λn(H0 − B(0))
)
= 2TrB(0). (4.11)
In order to determine 2TrB(0) we use the relations (4.6) and we obtain
2TrB(0) = 2
ν∑
j=1
Bj(0) = 2
ν∑
j,k=1
|∆˜jk(0)| = 2
ν∑
j,k=1
βjk = 2β. (4.12)
From (4.11) and (4.12) it follows the estimate (2.7).
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Now we will prove (2.8). Since λ−1 and λ
+
ν are the lower and upper points of the spectrum,
respectively, using the estimate (2.7), we obtain
s∑
n=1
|γn(H)| = λ+ν − λ−1 −
∣∣σ(H)∣∣ > λ+ν − λ−1 − 2β. (4.13)
We rewrite the sequence q1, . . . , qν , defined by (1.10), in nondecreasing order
q•1 6 q
•
2 6 . . . 6 q
•
ν and let q
•
1 = 0. (4.14)
Here q•1 = qn1 , q
•
2 = qn2 , . . . , q
•
ν = qnν for some distinct integers n1, n2, . . . , nν ∈ Nν and without
loss of generality we may assume that q•1 = 0.
Then Proposition 9.1.iv and the basic fact σ(∆) ⊂ [0, 2κ+] give that the eigenvalues of the
Floquet matrix H(ϑ) for H = ∆+Q, satisfy
q•n 6 λn(ϑ) 6 q
•
n + 2κ+
λ0n(ϑ) 6 λn(ϑ) 6 λ
0
n(ϑ) + q
•
ν
, ∀ (ϑ, n) ∈ Td × Nν . (4.15)
The first inequalities in (4.15) give
λ+ν > q
•
ν , λ
−
1 6 2κ+, (4.16)
and, using the second inequalities in (4.15), we have
λ0+ν = max
ϑ∈Td
λ0ν(ϑ) = λ
0
ν(ϑ+) 6 λν(ϑ+) 6 λ
+
ν , (4.17)
0 = λ0−1 = min
ϑ∈Td
λ01(ϑ) = λ
0
1(ϑ−) > λ1(ϑ−)− q•ν > λ−1 − q•ν (4.18)
for some ϑ−, ϑ+ ∈ Td. From (4.16) – (4.18) it follows that
λ+ν − λ−1 > q•ν − 2κ+, λ+ν − λ−1 > λ0+ν − q•ν ,
which yields (2.8). The last statement of the theorem will be proved in Theorem 2.4.
Definition of generic potentials. A potential Q is called ”generic” if the values of the
potential qj = Q(vj) on the vertex set Vf = {v1, . . . , vν} of some fundamental graph Γf are
distinct, i.e., they satisfy
qj 6= qk for all j, k ∈ Nν , j 6= k. (4.19)
Proof of Theorem 2.2. The Floquet matrix Ht(ϑ), ϑ ∈ Td, for the Schro¨dinger operator
Ht = ∆+ tQ, where the potential Q is generic, has the form
Ht(ϑ) = ∆(ϑ) + tq, q = diag(q1, . . . , qν), q1 < q2 < . . . < qν .
We define the matrix
Ĥt(ϑ) =
1
t
Ht(ϑ) = q + ε∆(ϑ), ε =
1
t
.
Each eigenvalue λˆn(ϑ, t) of the matrix Ĥt(ϑ) has the following asymptotics:
λˆn(ϑ, t) = qn + ε∆nn(ϑ)− ε2
ν∑
j=1
j 6=n
|∆jn(ϑ)|2
qj − qn +O(ε
3), n ∈ Nν ,
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(see pp. 7–8 in [RS78]) uniformly in ϑ ∈ Td as t → ∞. This yields the asymptotics of the
eigenvalues λn(ϑ, t) of the matrix Ht(ϑ):
λn(ϑ, t) = t λˆn(ϑ, t) = tqn +∆nn(ϑ)− ε
ν∑
j=1
j 6=n
|∆jn(ϑ)|2
qj − qn +O(ε
2). (4.20)
Since σn(Ht) = λn(T
d), the asymptotics (4.20) also gives that
|σn(Ht)| = |∆nn(Td)|+O(1/t). (4.21)
If there exists a bridge-loop (vn, vn) ∈ Bf , then ∆nn(·) 6= const and the function λn(ϑ, t)
is not constant. Thus, the asymptotics (4.21) gives that the spectral band σn(Ht) of the
Schro¨dinger operator Ht is non-degenerated as t→∞ and we have (2.10) and C > 0.
If there are no bridge-loops on Γf , then (4.21) yields |σ(Ht)| = O(1/t).
Remark. We do not know an example of a connected periodic graph, when the spectrum
of the Schro¨dinger operator H = ∆+ Q has a flat band for the case of generic potentials Q.
There is an open problem to show that the spectrum of H is absolutely continuous for generic
potentials Q.
5. Schro¨dinger operators on bipartite regular graphs
We recall some definitions. A graph is called bipartite if its vertex set is divided into two
disjoint sets (called parts of the graph) such that each edge connects vertices from distinct
sets (see p.105 in [Or62]). Examples of bipartite graphs are the cubic lattice (Fig.8a) and
the hexagonal lattice (Fig.7a). The face-centered cubic lattice (Fig.10a) is non-bipartite. A
graph is called regular of degree κ+ if each its vertex v has the degree κv = κ+.
Proposition 5.1. For a bipartite Zd-periodic graph there exists a bipartite fundamental graph.
The proof repeats the case of Z2-periodic graph from [BKS13] and is omitted. Note that not
every fundamental graph of a bipartite periodic graph is bipartite. Indeed, the cubic lattice
(Fig.8a) is bipartite, but its fundamental graph shown in Fig.8b is non-bipartite.
Now we discuss spectral properties of Laplace and Schro¨dinger operators on bipartite regular
graphs.
Theorem 5.2. Let a graph Γ be regular of degree κ+. Then the following statements hold
true.
i) If Γ is bipartite and symmetric with respect to the coordinate origin and Q(v) = −Q(−v)
for all v ∈ V , then the spectrum of the Schro¨dinger operator H is symmetric with respect to
the point κ+.
ii) A fundamental graph Γf is bipartite iff the spectrum of the Floquet matrix ∆(ϑ) is sym-
metric with respect to the point κ+ for each ϑ ∈ Td.
iii) If a fundamental graph Γf is bipartite and the number ν of vertices in Γf is odd, then
κ+ is a flat band of ∆.
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iv) If Γ is bipartite and in the spectrum of the Laplacian ∆ there exist s spectral gaps
γ1(∆), . . . , γs(∆), then the following estimate holds true:
s∑
n=1
|γn(∆)| > 2(κ+ − β). (5.1)
Here β is the number of fundamental graph bridges.
v) If Γ is a bipartite loop graph (Γf is non-bipartite, since there is a loop on Γf ), then each
spectral band of the Laplacian ∆ on Γ has the form σ0n = [λ
0−
n , λ
0+
n ], n ∈ Nν, where λ0−n and
λ0+n are the eigenvalues of the matrices ∆(0) and 2κ+1 ν−∆(0), respectively (1 ν is the identity
ν × ν matrix).
Proof. i) Let Γ be a bipartite periodic graph with the parts V1 and V2. We define the unitary
operator U on ℓ2(V ) by
(Uf)(v) =
{
f(v), if v ∈ V1
−f(v), if v ∈ V2
, f ∈ ℓ2(V ), v ∈ V.
Then we have
U−1 = U , UAU−1 = −A, UQU−1 = Q. (5.2)
Let US : ℓ2(V ) → ℓ2(V ) be the reflection operator given by (USf)(v) = f(−v), v ∈ V. Then
US satisfies
U−1S = US, USA = AUS, USQ = −QUS . (5.3)
From (5.2) and (5.3) it follows that
USU(−A +Q)U−1U−1S = A−Q,
which yields that σ(−A+Q) is symmetric with respect to 0. Using the formula H = κ+1 −
A+Q, we deduce that σ(H) is symmetric with respect to κ+.
ii) Let Γf be a bipartite fundamental graph with the parts V1 and V2. The same arguments
used in the proof of the previous item show that the spectrum σ(∆(ϑ)) is symmetric with
respect to κ+ for each ϑ ∈ Td.
Conversely, since ∆(0) is the Laplacian on the regular graph Γf and its spectrum is sym-
metric with respect to κ+, the spectrum of the adjacency operator A(0) = κ+1 ν −∆(0) on
Γf is symmetric with respect to 0. It gives that the graph Γf is bipartite (see Theorem 3.11
in [CDS95]).
iii) For each ϑ ∈ Td the matrix ∆(ϑ) has ν eigenvalues, where ν is odd. The previous item
gives that the spectrum σ(∆(ϑ)) is symmetric with respect to κ+. Then κ+ ∈ σ
(
∆(ϑ)
)
for
any ϑ ∈ Td. Therefore, κ+ is a flat band of ∆.
iv) For the Laplacian ∆ on a bipartite regular graph Γ we have λ01(0) = 0, λ
0+
ν = 2κ
+ and
the first inequality in (2.8) gives (5.1).
v) Since Γ is bipartite and regular of degree κ+, there exists a bipartite fundamental graph
Γ˜f , which is also regular of degree κ+. Then, due to item i), the spectrum of the Floquet
matrix ∆(ϑ) corresponding to the graph Γ˜f is symmetric with respect to the point κ+ for
each ϑ ∈ Td. Therefore, the spectrum of the Laplacian on Γ is also symmetric with respect
to κ+. From the formula (2.12) it follows that λ
0
1(0) 6 . . . 6 λ
0
ν(0) are the lower endpoints of
the spectral bands. Then, by the symmetry of the spectrum, 2κ+−λ0ν(0) 6 . . . 6 2κ+−λ01(0)
are the upper endpoints of the spectral bands. Thus, the endpoints of the spectral bands λ0±n ,
n ∈ Nν , are the eigenvalues of the matrices ∆(0) and 2κ+1 ν −∆(0).
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6. Stability estimates
In the following theorem we obtain stability estimates for the Schro¨dinger operators satis-
fying the following conditions.
Condition U. For the Schro¨dinger operator H = ∆ + Q there exists a quasimomentum
ϑ+ ∈ Td such that λ+n = λn(ϑ+) for all n = 1, . . . , ν. This point ϑ+ is called the H-upper
quasimomentum.
Condition L. For the Schro¨dinger operator H = ∆ + Q there exists a quasimomentum
ϑ− ∈ Td such that λ−n = λn(ϑ−) for all n = 1, . . . , ν. This point ϑ− is called the H-lower
quasimomentum.
Below we show that there exists a large class of Schro¨dinger operators, which satisfy both
Conditions U and L. We estimate a global variation of the spectrum and a global variation of
gap-length in terms of perturbations of the entries of the Floquet matrices of the operators.
Theorem 6.1. (Stability Estimates) Let fundamental graphs Γf , Γ˜f of periodic graphs Γ,
Γ˜, respectively, have the same number of vertices ν. Let the Schro¨dinger operators H = ∆+Q
and H˜ = ∆˜ + Q˜ on the graphs Γ and Γ˜, respectively, satisfy both Conditions U and L. Then
the spectral bands σn = [λ
−
n , λ
+
n ], σ˜n = [λ˜
−
n , λ˜
+
n ], n ∈ Nν, and the gaps γn = [λ+n , λ−n+1],
γ˜n = [λ˜
+
n , λ˜
−
n+1], n ∈ Nν−1, of the Schro¨dinger operators H and H˜, respectively, satisfy:
|λ−1 − λ˜−1 |+ |λ+ν − λ˜+ν |+
ν−1∑
n=1
∣∣|γn| − |γ˜n|∣∣ 6 2C, (6.1)
ν∑
n=1
∣∣|σn| − |σ˜n|∣∣ 6 2C, (6.2)
where
C = C(ϑ±, ϑ˜±) = ‖H(ϑ−)− H˜(ϑ˜−)‖1 + ‖H(ϑ+)− H˜(ϑ˜+)‖1, (6.3)
‖V ‖1 =
ν∑
j,k=1
|Vjk| < ∞ and ϑ±, ϑ˜± ∈ Td are the H- and H˜-upper-lower quasimomentum,
respectively. In particular, we have
C =

2
ν∑
n=1
|qn − q˜n|, if ∆(ϑ±) = ∆˜(ϑ˜±)∑
±
‖∆(ϑ±)− ∆˜(ϑ˜±)‖1, if Q = Q˜
. (6.4)
Proof. We have∣∣|γn| − |γ˜n|∣∣ = ∣∣(λ−n+1 − λ+n )− (λ˜−n+1 − λ˜+n )∣∣
=
∣∣(λ−n+1 − λ˜−n+1)− (λ+n − λ˜+n )∣∣ 6 ∣∣λ−n+1 − λ˜−n+1∣∣+ ∣∣λ+n − λ˜+n ∣∣. (6.5)
Since H , H˜ satisfy Conditions U-L, then for all n ∈ Nν we have
σn = [λ
−
n , λ
+
n ] = [λn(ϑ−), λn(ϑ+)], σ˜n = [λ˜
−
n , λ˜
+
n ] = [λ˜n(ϑ˜−), λ˜n(ϑ˜+)]. (6.6)
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Thus, applying Proposition 9.2.ii and using (6.5), (6.6), we obtain
ν−1∑
n=1
∣∣|γn| − |γ˜n|∣∣ 6 ν−1∑
n=1
∣∣λ−n+1 − λ˜−n+1∣∣ + ν−1∑
n=1
∣∣λ+n − λ˜+n ∣∣
=
ν−1∑
n=1
∣∣λn+1(ϑ−)− λ˜n+1(ϑ˜−)∣∣+ ν−1∑
n=1
∣∣λn(ϑ+)− λ˜n(ϑ˜+)∣∣ 6 2C − ∣∣λ−1 − λ˜−1 ∣∣− ∣∣λ+ν − λ˜+ν ∣∣,
where C = C(ϑ±, ϑ˜±) is given by (6.3), which yields (6.1). Similar arguments and the estimate∣∣|σn| − |σ˜n|∣∣ 6 |λ+n − λ˜+n |+ |λ−n − λ˜−n | (6.7)
yield (6.2).
If ∆(ϑ±) = ∆˜(ϑ˜±), then we obtain H(ϑ±) − H˜(ϑ˜±) = q − q˜ , where q = diag(q1, . . . , qν),
q˜ = diag(q˜1, . . . , q˜ν). Thus, in this case C = 2
ν∑
n=1
|qn − q˜n|. The proof for the case Q = Q˜ is
similar.
Remark. 1) Theorem 6.1 can be applied for the Schro¨dinger operators on both precise loop
graphs and bipartite loop graphs.
2) There is an old open problem to obtain estimates similar to (6.1), (6.2) in the case of the
Schro¨dinger operators on Rd.
Proof of Proposition 2.3. i) Consider the triangular lattice T (Fig.4a). The periods of T
are the vectors a1, a2. The fundamental graph Tf consists of one vertex v, three bridge-loops
e1, e2, e3 and their inverse edges. The indices of the fundamental graph edges are given by
τ(e1) = (1, 0), τ(e2) = (0, 1), τ(e3) = (1, 1),
see Fig.4b. Since all bridges of Tf are loops, the graph T is a loop graph. Since there is no
point ϑ0 ∈ T2 such that cos〈τ(es), ϑ0〉 = −1 for all s = 1, 2, 3, the loop graph T is not precise.
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Figure 4. a) Triangular lattice T; b) the fundamental graph Tf .
ii) Since the diameter of the finite graph Γ′ is small enough, in some coordinate system
all bridges of the obtained graph Γ∗ are also the bridges of the given loop graph Γ. Then
all bridges of Γ∗ are loops. The last statement follows from the fact that the indices of the
bridges of Γ∗ are the same as the bridge indices of Γ. Thus, the precise quasimomentum of Γ
is also a precise quasimomentum of Γ∗.
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Remark. It is known that the spectrum of the Laplacian ∆ on the triangular lattice T is
given by σ(∆) = σac(∆) = [0, 9].
Example. We take the lattice graph Ld, defined by (2.11). The lattice Ld is a precise loop
graph. We take any connected finite graph Γ′ ⊂ Rd such that its diameter is small enough.
We joint the graph Γ′ with each point from the vertex set Zd, identifying any fixed vertex
of Γ′ with each vertex of Zd. Due to Proposition 2.3 this gives a new precise loop graph Γ∗,
which is Zd-periodic.
Proof of Theorem 2.4. i) Applying (4.1), (4.2) we obtain H(ϑ) = H0 + ∆˜(ϑ), where the
matrix ∆˜(ϑ), ϑ ∈ Td, is given by
∆˜ = diag
(
∆˜11, . . . , ∆˜νν
)
, ∆˜nn(ϑ) = −
∑
e=(vn, vn)∈Bf
cos〈τ(e), ϑ〉. (6.8)
From this identity it follows that ∆˜nn(0) 6 ∆˜nn(ϑ), ∀ (ϑ, n) ∈ Td × Nν . Then ∆˜(0) 6 ∆˜(ϑ)
and we have
H(0) = H0 + ∆˜(0) 6 H0 + ∆˜(ϑ) = H(ϑ). (6.9)
Applying Proposition 9.1.iii to the last inequality, we obtain λn(0) 6 λn(ϑ) for all (ϑ, n) ∈
Td × Nν , which yields λ−n = min
ϑ∈Td
λn(ϑ) = λn(0).
ii) The identity (6.8) yields ∆˜nn(ϑ) 6 ∆˜nn(ϑ0) for all (ϑ, n) ∈ Td×Nν , since cos〈τ(e), ϑ0〉 =
−1 for the precise quasimomentum ϑ0 ∈ Td and for all bridges e ∈ Bf . Then ∆˜(ϑ) 6 ∆˜(ϑ0)
and we have
H(ϑ) = H0 + ∆˜(ϑ) 6 H0 + ∆˜(ϑ0) = H(ϑ0). (6.10)
Thus, Proposition 9.1.iii gives λn(ϑ) 6 λn(ϑ0) for all (ϑ, n) ∈ Td × Nν , which yields λ+n =
max
ϑ∈Td
λn(ϑ) = λn(ϑ0) and due to (2.12), the band σn(H) has the form (2.13).
Using the formulas (2.13), (6.8), we obtain
ν∑
n=1
|σn| =
ν∑
n=1
(
λn(ϑ0) − λn(0)
)
= Tr
(
H(ϑ0) − H(0)
)
= Tr
(
∆˜(ϑ0) − ∆˜(0)
)
= 2β
and (2.14) has been proved.
Let all loops of Γf have the form (vk, vk) for some vertex vk ∈ Vf . We need only prove
the first identity in (2.15). Without loss of generality we may assume that k = ν. Then the
Floquet matrix H(ϑ) has the form
H(ϑ) =
(
A y
y∗ ∆νν(ϑ) + qν
)
,
where the entry y ∈ Cν−1 is a vector and A is a self-adjoint (ν − 1)× (ν − 1) matrix, do not
depending on ϑ. The eigenvalues µ1 6 . . . 6 µν−1 of A are constant. Then Proposition 9.1.v
gives that
λ1(ϑ) 6 µ1 6 λ2(ϑ) 6 µ2 6 . . . 6 µν−1 6 λν(ϑ) for all ϑ ∈ Td.
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Then the spectral bands of H may only touch, but do not overlap, i.e., |σ(H)| =
ν∑
n=1
|σn| = 2β.
Thus, in this case the estimate (2.7) and hence the first inequality in (2.8) become identities.
Schro¨dinger operators on precise loop graphs satisfy Conditions L-U. Then Theorem 6.1 can
be applied for the Schro¨dinger operators on precise loop graphs. Note that if 〈ϑ0, τ(e)〉/π is
odd for all bridges e ∈ Bf and some vector ϑ0 ∈ {0, π}d, then ϑ0 is a precise quasimomentum
of Γ.
Theorem 6.2. Let Γ, Γ˜ be loop graphs with loop fundamental graphs Γf , Γ˜f having the
same number of vertices ν. Let H and H˜ be the Schro¨dinger operators on the graphs Γ and
Γ˜, respectively. Then the spectral bands σn = [λ
−
n , λ
+
n ], σ˜n = [λ˜
−
n , λ˜
+
n ], n ∈ Nν, and the
gaps γn = [λ
+
n , λ
−
n+1], γ˜n = [λ˜
+
n , λ˜
−
n+1], n ∈ Nν−1, of the Schro¨dinger operators H and H˜,
respectively, satisfy the following estimates:
i) if Γ and Γ˜ are bipartite and regular of the same degree κ+ and H = ∆, H˜ = ∆˜, then
ν−1∑
n=1
∣∣|γn| − |γ˜n|∣∣ 6 4C, (6.11)
ν∑
n=1
∣∣|σn| − |σ˜n|∣∣ 6 4C, C = ‖∆(0)− ∆˜(0)‖1; (6.12)
ii) if Γ is precise with a precise quasimomentum ϑ0, Γ˜ is bipartite and regular of degree κ+
and H˜ = ∆˜, then
|λ−1 |+ |2κ+ − λ+ν |+
ν−1∑
n=1
∣∣|γn| − |γ˜n|∣∣ 6 2C, (6.13)
ν∑
n=1
∣∣|σn| − |σ˜n|∣∣ 6 2C, (6.14)
C = C(ϑ0) = ‖H(0)− ∆˜(0)‖1 + ‖H(ϑ0) + ∆˜(0)− 2κ+1 ν‖1; (6.15)
where ‖V ‖1 =
ν∑
j,k=1
|Vjk| <∞.
Proof. i) Theorem 5.2.v gives
σn(H) = [λn(0), 2κ+ − λν−n+1(0)], σn(H˜) = [λ˜n(0), 2κ+ − λ˜ν−n+1(0)], ∀ n ∈ Nν . (6.16)
Thus, using (6.5), (6.16) and applying Proposition 9.2.ii, we obtain
ν−1∑
n=1
∣∣|γn| − |γ˜n|∣∣ 6 ν−1∑
n=1
∣∣λ−n+1 − λ˜−n+1∣∣ + ν−1∑
n=1
∣∣λ+n − λ˜+n ∣∣ =
ν−1∑
n=1
∣∣λn+1(0)− λ˜n+1(0)∣∣+ ν−1∑
n=1
∣∣λν−n+1(0)− λ˜ν−n+1(0)∣∣
6 4C − |λ1(0)− λ˜1(0)| − |λ1(0)− λ˜1(0)| = 4C,
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where C is defined in (6.12). Here we have used that, due to Proposition 4.1, λ1(0) and λ˜1(0)
are the lower points of the spectra of the Laplacians ∆ and ∆˜, respectively, i.e., λ1(0) =
λ˜1(0) = 0. Thus, (6.11) has been proved. Similar arguments and the estimate (6.7) give
(6.12).
ii) We have
σn(H) = [λn(0), λn(ϑ0)], σn(H˜) = [λ˜n(0), 2κ+ − λ˜ν−n+1(0)], ∀ n ∈ Nν . (6.17)
Using (6.5),(6.17), the constant C from (6.15) and applying Proposition 9.2.ii, we obtain
ν−1∑
n=1
∣∣|γn| − |γ˜n|∣∣ 6 ν−1∑
n=1
∣∣λ−n+1 − λ˜−n+1∣∣ + ν−1∑
n=1
∣∣λ+n − λ˜+n ∣∣ =
ν−1∑
n=1
∣∣λn+1(0)− λ˜n+1(0)∣∣+ ν−1∑
n=1
∣∣2κ+ − λ˜ν−n+1(0)− λn(ϑ0)∣∣
6 2C − |λ1(0)− λ˜1(0)| − |2κ+ − λ˜1(0)− λν(ϑ0)| = 2C − |λ−1 | − |2κ+ − λ+ν |.
This yields (6.13). Similar arguments and the estimate (6.7) yield (6.14).
7. Various number of flat bands of Laplacians on specific graphs
We consider the question about the possible number of non-degenerated spectral bands and
flat bands of Laplacians on periodic graphs. We need to introduce another numbering Λn(ϑ)
of the eigenvalues λn(ϑ), n ∈ Nν , of the Floquet matrix H(ϑ), ϑ ∈ Td. Here we separate all
flat bands (7.1), (7.2) from other bands of the Schro¨dinger operator.
We have that λ∗ is an eigenvalue of H iff λ∗ is an eigenvalue of H(ϑ) for any ϑ ∈ Td
(see Proposition 4.2 in [HN09]). Thus, we can define the multiplicity of a flat band by: an
eigenvalue λ∗ of H has the multiplicity m iff λ∗ = const is an eigenvalue of H(ϑ) for each
ϑ ∈ Td with the multiplicity m (except maybe for a finite number of ϑ ∈ Td). Thus, if the
operator H has r > 0 flat bands, then we denote them by
µj = Λν−r+j(ϑ) = const, ∀ (j, ϑ) ∈ Nr × Td, (7.1)
and they are labeled by
µ1 6 µ2 6 . . . 6 µr, (7.2)
counting multiplicities. Thus, all other eigenvalues Λn(ϑ), n ∈ Nν−r, are not constant. They
can be enumerated in increasing order (counting multiplicities) by
Λ1(ϑ) 6 Λ2(ϑ) 6 . . . 6 Λν−r(ϑ), ∀ϑ ∈ Td = Rd/(2πZ)d. (7.3)
Define the spectral bands Sn = Sn(H), n ∈ Nν−r, by
Sn = [Λ
−
n ,Λ
+
n ] = Λn(T
d). (7.4)
Each spectral band Sn, n = 1, . . . , ν − r, is open (non-degenerate), i.e., Λ−n < Λ+n . Thus, the
number of open spectral bands of the operator H is ν − r. Some of them may overlap. Then
the number of gaps is at most ν − r − 1.
Similarly, the eigenvalues of the Floquet matrix ∆(ϑ) for the Laplacian ∆ will be denoted
by Λ0n(ϑ), n ∈ Nν . The spectral bands S0n = Sn(∆) for the Laplacian have the form
S
0
n = [Λ
0−
n ,Λ
0+
n ] = Λ
0
n(T
d), n ∈ Nν−r. (7.5)
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We present sufficient conditions for the existence of a flat band for the Schro¨dinger operators.
Lemma 7.1. Let H = ∆+Q on some graph Γ, where its Floquet matrix H(ϑ) has the form
H(ϑ) =
(
A y
y∗ a
)
(ϑ), ϑ ∈ Td, (7.6)
where y(ϑ) ∈ Cν−1 is a vector-valued function, a(ϑ) is a function, A(ϑ) is a self-adjoint
(ν − 1) × (ν − 1) matrix-valued function. If A(ϑ) has an eigenvalue η(·) = η = const with
multiplicity m > 2, then η is a flat band with multiplicity m− 1 of the operator H.
Proof. Due to Proposition 9.1.v, there exist eigenvalues µ1(ϑ), . . . , µm−1(ϑ) ofH(ϑ) satisfying
η 6 µ1(ϑ) 6 η 6 . . . η 6 µm−1(ϑ) 6 η for all ϑ ∈ Td,
which yields µ1(·) = . . . = µm−1(·) = η = const, i.e., η is a flat band with multiplicity m− 1
of the Schro¨dinger operator H on Γ.
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Figure 5. a) Z2-periodic graph Γ; b) the fundamental graph Γf ; only 2 unoriented loops
in the vertex vν are bridges; c) the spectrum of the Laplacian (ν = 3).
We describe the spectrum of the Laplace and Schro¨dinger operators on the specific precise
loop graph Γ, shown in Fig.5a.
Proposition 7.2. Let Γf be obtained from the fundamental graph L
d
f of the d-dimension lattice
Ld by adding ν − 1 > 1 vertices v1, . . . , vν−1 and ν − 1 unoriented edges (v1, vν), . . . , (vν−1, vν)
with zero indices (see Fig.5b), vν is the unique vertex of L
d
f . Then Γ is a precise loop graph
with the precise quasimomentum ϑπ = (π, . . . , π) ∈ Td and satisfies
i) The spectrum of the Laplacian on Γ has the form
σ(∆) = σac(∆) ∪ σfb(∆), σfb(∆) = {1}, (7.7)
where the flat band 1 has multiplicity ν − 2 and σac(∆) has only two bands S01 and S02 given
by
σac(∆) = S
0
1 ∪S02,
S
0
1 =
[
0, x−√x2 − 4d ], S02 = [ ν, x+√x2 − 4d ], x = ν+4d2 . (7.8)
ii) The spectrum of Schro¨dinger operators H = ∆+Q on Γ has the form
σ(H) =
ν⋃
n=1
[
λn(0), λn(ϑπ)
]
. (7.9)
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iii) Let qν = 0 and let all other values of the potential q1, . . . , qν−1 at the vertices of the
fundamental graph Γf be distinct. Then σ(H) = σac(H), i.e., σfb(H) = ∅.
iv) Let among the numbers q1, . . . , qν−1 there exist a value q∗ of multiplicity m. Then the
spectrum of the Schro¨dinger operator H on Γ has the flat band q∗ + 1 of multiplicity m− 1.
v) The Lebesgue measure of the spectrum of Schro¨dinger operators H on Γ satisfies
|σ(H)| = 4d. (7.10)
Proof. i) – ii) The fundamental graph Γf consists of ν > 2 vertices v1, v2, . . . , vν ; ν − 1
unoriented edges (v1, vν), . . . , (vν−1, vν) with zero indices and d unoriented loops in the ver-
tex vν with the indices (±1, . . . , 0), . . . , (0, . . . ,±1). Since all bridges of Γf are loops and
cos〈τ(e), ϑπ〉 = −1 for all bridges e ∈ Bf , the graph Γ is a precise loop graph with the
precise quasimomentum ϑπ. Then, by Theorem 2.4.ii, the spectral bands of H are given by
σn(H) = [λ
−
n , λ
+
n ] = [λn(0), λn(ϑπ)], for all n ∈ Nν , and item ii) has been proved.
According to (1.13) we have
∆(ϑ) =

1 0 . . . −1
0 1 . . . −1
. . . . . . . . . . . .
−1 −1 . . . ν − 1 + ξ
 ,

c0 = c1 + . . .+ cd
cj = cosϑj , j ∈ Nd
ξ = 2(d− c0)
. (7.11)
Using the formula (9.1), we obtain
det
(
∆(0)− λ1 ν
)
= (1− λ)ν−2 λ (λ− ν),
det
(
∆(ϑπ)− λ1 ν
)
= (1− λ)ν−2(λ2 − 2λx+ 4d), x = ν+4d
2
.
Then the eigenvalues of ∆(0) and ∆(ϑπ) have the form
λ01(0) = 0, λ
0
2(0) = . . . = λ
0
ν−1(0) = 1, λ
0
ν(0) = ν,
λ01(ϑπ) = x−
√
x2 − 4d, λ02(ϑπ) = . . . = λ0ν−1(ϑπ) = 1, λ0ν(ϑπ) = x+
√
x2 − 4d.
Thus, the spectrum of the Laplacian on Γ has the form (7.7), (7.8).
iii) According to (7.11), we have
H(ϑ) =

1 + q1 0 . . . −1
0 1 + q2 . . . −1
. . . . . . . . . . . .
−1 −1 . . . ν − 1 + ξ
 . (7.12)
Using the formula (9.1), we write the characteristic polynomial of the matrix H(ϑ) in the form
det(H(ϑ)− λ1 ν) = (ν − 1 + ξ − λ)W (λ)−W ′(λ), (7.13)
where
W (λ) = (1 + q1 − λ) . . . (1 + qν−1 − λ) . (7.14)
We show that σ(H) = σac(H) by the contradiction. Let a point λ be a flat band of the
Schro¨dinger operator H . Then we obtain det(H(ϑ)−λ1 ν) = 0 for all ϑ ∈ Td. Since the linear
combination (7.13) of the linearly independent functions c1, . . . , cd, 1 is equal to 0, then
W (λ) = 0, W ′(λ) = 0. (7.15)
All values of the potential q1, . . . , qν−1 are distinct. Then each zero of the functionW is simple.
This contradicts the identities (7.15). Thus, σ(H) = σac(H).
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iv) Without loss of generality we assume that q1 = q2 = . . . = qm = q
∗. Then λ = q∗ + 1
is a zero of multiplicity m of the function W , defined by (7.14), and is a zero of multiplicity
m−1 of the function W ′. Then the identity (7.15) that defined all flat bands has the solution
λ = q∗+1 of multiplicity m− 1. Thus, λ = q∗+1 is a flat band of H with multiplicity m− 1.
v) All bridges of Γf are the loops in the vertex vν . Thus, using that the number of funda-
mental graph bridges β = 2d, the identity (2.15) has the form (7.10).
(a) r r r ❜ ❜ ❜ ❜
❜ ❜ ❜ ❜ ❜ ❜ ❜
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❜
❜
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❜
❜
❜
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Figure 6. a) Graph Γ obtained by adding two vertices on each edge of the lattice L2;
b) the spectrum of the Laplacian.
We describe the spectrum of the Laplace operator on the graph Γ, shown in Fig.6a.
Proposition 7.3. Let Γ be the graph obtained from the lattice graph Ld by adding N vertices
on each edge of Ld (for N = 2 see Fig.6a). Then the fundamental graph Γf has ν = dN + 1
vertices and the spectrum of the Laplacian on Γ has the form
σ(∆) = σac(∆) ∪ σfb(∆), (7.16)
σfb(∆) =
{
2 + 2 cos πn
N+1
: n = 1, . . . , N
}
, (7.17)
where the absolutely continuous part σac(∆) consists of N+1 open spectral bands S
0
1, . . . ,S
0
N+1
and each flat band has multiplicity d− 1 and is an endpoint of a spectral band.
Proof. Let N = 1. The fundamental graph Γf has ν = d + 1 vertices. For each ϑ ∈ Td the
matrix ∆(ϑ) defined by (1.13) has the form
∆(ϑ) =

2 0 . . . −1− eiϑ1
0 2 . . . −1− eiϑ2
. . . . . . . . . . . .
−1 − e−iϑ1 −1 − e−iϑ2 . . . 2d
 . (7.18)
Identity (9.1) yields
det
(
∆(ϑ)−λ1 ν
)
= (2−λ)d(2d−λ− 2(d+c0)
2−λ
)
= (2−λ)d−1(λ2−2(d+1)λ+2(d−c0)), (7.19)
where c0 is defined by (7.11). Then the eigenvalues of the matrix ∆(ϑ) have the form
Λ0s(ϑ) = d+ 1 + (−1)s
√
d2 + 1 + 2c0 , s = 1, 2; (7.20)
Λ03(·) = . . . = Λ0d+1(·) = 2. (7.21)
The identities (7.21) give that the point 2 is a flat band of ∆ of multiplicity d− 1. From the
identity (7.20) we obtain that
Λ0−1 = min
ϑ∈Td
Λ01(ϑ) = Λ
0
1(0) = 0, Λ
0+
1 = max
ϑ∈Td
Λ01(ϑ) = Λ
0
1(ϑπ) = 2, ϑπ = (π, . . . , π),
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Λ0−2 = min
ϑ∈Td
Λ02(ϑ) = Λ
0
2(ϑπ) = 2d, Λ
0+
2 = max
ϑ∈Td
Λ02(ϑ) = Λ
0
2(0) = 2d+ 2,
and thus, σac(∆) = S
0
1 ∪S02, where S01 = [0, 2], S02 = [2d, 2d+ 2].
Let N > 2. The fundamental graph Γf has ν = dN + 1 vertices. It is more convenient in
this case instead of the Laplacian ∆ consider the operator J = 21 −∆, where 1 is the identity
operator. Then σ(∆) = 2− σ(J). The identity holds as an identity between sets.
The Floquet matrix J(ϑ) of the operator J has the form
J(ϑ) = 21 ν −∆(ϑ) =
(
JdN y(ϑ)
y∗(ϑ) 2− 2d
)
,
where the dN × dN matrix JdN = diag(JN , . . . , JN) and the vector y(ϑ) are given by
JN =

0 1 0 . . .
1 0 1 . . .
0 1 0 . . .
. . . . . . . . . . . .
 , y(ϑ) =
y1(ϑ1)...
yd(ϑd)
 , ys(ϑs) =

1
0
...
0
eiϑs
 ∈ CN , (7.22)
s ∈ Nd. It is known that all eigenvalues of the N ×N Jacobi matrix JN have the form
µn = 2 cos
πn
N+1
∈ (−2, 2), n = 1, . . . , N, (7.23)
and they are distinct. Then the matrix JdN has N distinct eigenvalues µn of multiplicity d.
Thus, due to Lemma 7.1, the operator J on Γ has at least N = ν−1
d
flat bands µn, n ∈ NN ,
each of which has multiplicity d− 1.
We describe σac(J). Identity (9.1) yields
det
(
λ1 ν − J(ϑ)
)
=
(
λ− 2 + 2d− y∗(ϑ)(λ1 dN − JdN )−1y(ϑ)
)
det
(
λ1 dN − JdN
)
. (7.24)
From the form of the matrix JdN it follows that
det
(
λ1 dN − JdN
)
= DdN(λ), where DN(λ) = det
(
λ1N − JN
)
. (7.25)
A direct calculation gives
(λ1 dN − JdN)−1 = diag(BN , . . . , BN), BN = (λ1N − JN )−1 , (7.26)
y∗(ϑ)(λ1 dN − JdN )−1y(ϑ) = y∗1(ϑ1)BNy1(ϑ1) + . . .+ y∗d(ϑd)BNyd(ϑd), (7.27)
y∗s(ϑs)BNys(ϑs) =
2
DN (λ)
(DN−1(λ) + cos ϑs ), s ∈ Nd. (7.28)
Substituting (7.25), (7.27) and (7.28) into (7.24), we obtain
det
(
λ1 ν − J(ϑ)
)
= Dd−1N (λ)
(
(λ− 2 + 2d)DN(λ)− 2dDN−1(λ)− 2c0
)
. (7.29)
The determinant Dn(λ) satisfies the following recurrence relations (the Jacobi equation)
Dn+1(λ) = λDn(λ)−Dn−1(λ), ∀ n ∈ Nν−1,
where D0(λ) = 1, D1(λ) = λ.
(7.30)
Thus, the determinants Dn(λ), n = 1, 2, . . . , are the Chebyshev polynomials of the second
kind and the following identities hold true
Dn(λ) = sin(n+1)ϕsinϕ , where λ = 2 cosϕ ∈ (−2, 2), n ∈ Nν . (7.31)
The eigenvalues of the matrix J(ϑ) are zeros of the equations
Dd−1N (λ) = 0, (λ− 2 + 2d)DN(λ)− 2dDN−1(λ) = 2c0 . (7.32)
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The first identity gives all flat bands µn, n = 1, . . . , N , of J defined by (7.23). Then the set of
all flat bands of the Laplacian has the form (7.17). From the second identity we obtain that all
flat bands µn, n = 1, . . . , N , are endpoints of the spectral bands. Indeed, since Dd−1N (µn) = 0,
n = 1, . . . , N , the second identity in (7.32) gives
−DN−1(µn) = c0d . (7.33)
But, using (7.31), we have
DN−1(µn) = DN−1
(
2 cos πn
N+1
)
=
sin Npin
N+1
sin pin
N+1
= (−1)n+1.
Thus, the identity (7.33) has the form (−1)n = c0
d
and it holds true when ϑ = 0 (if n is even)
or ϑ = (π, . . . , π) (if n is odd). Therefore, all flat bands µn, n = 1, . . . , N , are contained in the
absolutely continuous spectrum. On the other hand, by Proposition 9.1.v, all spectral bands
are separated by the flat bands µn, n = 1, . . . , N . Then all flat bands µn are endpoints of the
spectral bands of the operator J , which yields that the flat bands (7.17) are endpoints of the
spectral bands of ∆.
Proof of Theorem 2.5. This statement is a direct consequence of Proposition 7.2.
8. Crystal models
8.1. Hexagonal lattice. We consider the hexagonal lattice G = (V, E), shown in Fig.7a.
The periods of G are the vectors a1 = (3/2,
√
3/2), a2 = (0,
√
3 ) (the coordinates of a1, a2 are
taken in the orthonormal basis e1, e2). The vertex set and the edge set are given by
V = Z2 ∪ (Z2 + (1
3
, 1
3
))
,
E = {(m,m+ (1
3
, 1
3
))
,
(
m,m+
(− 2
3
, 1
3
))
,
(
m,m+
(
1
3
,−2
3
)) ∀m ∈ Z2}.
Coordinates of all vertices are taken in the basis a1, a2. The fundamental graphGf = (Vf , Ef),
where Vf = {v1, v2} consists of two vertices, multiple edges e1 = e2 = e3 = (v1, v2) (Fig.7b) and
their inverse edges e¯1 = e¯2 = e¯3 with the indices τ(e1) = (0, 0), τ(e2) = (1, 0), τ(e3) = (0, 1).
We consider the Schro¨dinger operators H = ∆ + Q on the hexagonal lattice G. Without
loss of generality we may assume that
Q(v1) = q1, Q(v2) = q2 = −q1. (8.1)
(a) ❜ ❜ ❜ ❜
❜ r ❜ ❜
❜ r ❜ ❜
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✟
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Figure 7. a) Graphene G; b) the fundamental graph Gf of the graphene.
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In order to present our result we define the so-called symbol Dm(t), t ∈ R2, of the 2D Dirac
operator by
Dm(t) = σ1t1 + σ2t2 +mσ3, t = (t1, t2) ∈ R2, (8.2)
where m is the mass and σ1, σ2, σ3 are the Pauli matrices given by
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (8.3)
The 2D Dirac operator has the form Dm(∂), ∂ = (∂1, ∂2), ∂j = −i ∂∂xj , j = 1, 2. Recall that the
spectrum of the Dirac operator Dm(∂) is absolutely continuous and has the form R\ (−m,m).
Proposition 8.1. Let the Schro¨dinger operator H = ∆ + Q act on the hexagonal lattice G,
where Q satisfies (8.1). Then
i) The spectrum of the Schro¨dinger operator H has the form
σ(H) = σac(H) = [λ
−, λ+] \ γ,
λ± = 3±
√
9 +m2 , γ = (3−m, 3 +m), m = q1 .
(8.4)
ii) The Floquet 2× 2 matrix H(ϑ) satisfies
H(ϑ) = 31 2 +Dm(t) +O(|t|2) as |t| → 0, (8.5)
t = (t1, t2) ∈ R2, t1 = 12 (ϑ1 + ϑ2), t2 =
√
3
2
(
ϑ1 − ϑ2 − 4π3
)
, (8.6)
where 1 2 is the 2× 2 identity matrix and the matrix Dm(t) is defined by (8.2).
Proof. i) The matrix H(ϑ) for the hexagonal lattice G has the form
H(ϑ) =
(
3 + q1 −∆12
−∆¯12 3− q1
)
(ϑ), ∆12(ϑ) = 1 + e
iϑ1 + eiϑ2 , ∀ ϑ = (ϑ1, ϑ2) ∈ T2. (8.7)
This gives that the eigenvalues of each matrix H(ϑ) are given by
λn(ϑ) = 3 + (−1)n+1
√
q21 + |∆12(ϑ)|2 , n = 1, 2, (8.8)
and the spectrum of the Schro¨dinger operator H on the hexagonal lattice G has the form
σ(H) = σac(H) = [λ
−
1 , λ
+
1 ] ∪ [λ−2 , λ+2 ],
where
λ+1 = max
ϑ∈T2
λ1(ϑ) = λ1(
2π
3
,−2π
3
) = 3− q1, λ−1 = min
ϑ∈T2
λ1(ϑ) = λ1(0) = 3−
√
9 + q21 ,
λ+2 = max
ϑ∈T2
λ2(ϑ) = λ2(0) = 3 +
√
9 + q21 , λ
−
2 = min
ϑ∈T2
λ2(ϑ) = λ2(
2π
3
,−2π
3
) = 3 + q1.
ii) It is easy to show that
∆12(ϑ) = 0 ⇔ ϑ = ±ϑ0, ϑ0 = (ϑ01, ϑ02) =
(
2π
3
,−2π
3
) ∈ T2.
The Taylor expansion for −∆12(ϑ0 + s) in terms of s = (s1, s2) = ϑ− ϑ0 is given by
−∆12(ϑ) = −(1 + eiϑ1 + eiϑ2) = −1 − eiϑ01(1 + s1)− eiϑ02(1 + s2) +O(|s|2)
= −1− 1
2
[
(−1 + i√3 )(1 + s1)− (1 + i
√
3 )(1 + s2)
]
+O(|s|2) = t1 − it2 +O(|t|2),
(8.9)
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where the identities e±i
2pi
3 = 1
2
(−1 ± i√3) and t = (t1, t2) ∈ R2, t1 = s1+s22 , t2 =
√
3
2
(s1 − s2)
have been used. Thus, we obtain
H(ϑ) =
(
3 + q1 t1 − it2
t1 + it2 3− q1
)
+O(|t|2),
which yields (8.5). Finally, we note that the Taylor expansion for −∆12(ϑ) about the point
−ϑ0 is given by the same asymptotics (8.9), but t2 is defined by t2 = ϑ1 − ϑ2 + 4π3 .
Remark. 1) The point t = 0 is the so-called Dirac point for the Schro¨dinger operator
H = ∆+ Q on the graphene. In the nice survey [CGPNG09] there is a discussion about the
tight-banding approximations, the energy dispersion, different defects in graphene etc.
2) Let q1 = 0, i.e., H = ∆. From item i) it follows that the spectrum of the Laplacian ∆ on
G is given by σ(∆) = σac(∆) = [0, 6].
3) Due to (8.4) any perturbation Q creates a gap in the spectrum of H .
8.2. Body-centered cubic lattice. We consider the cubic lattice L3 = (V, E), defined by
(2.11), see Fig.8a. The spectrum of the Laplacian ∆ on L3 has the form σ(∆) = σac(∆) =
[0, 12].
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Figure 8. a) Lattice L3; b) the fundamental graph L3f .
The body-centered cubic lattice B2 is obtained from the cubic lattice L
3 by adding one
vertex in the center of each cube. This vertex is connected with each corner vertex of the
cube (see Fig.9a). We consider the Schro¨dinger operators on the body-centered cubic lattice
B2, where the potential Q(vj) = qj , j ∈ N2. Without loss of generality we assume that q2 = 0.
Proposition 8.2. i) The spectrum of ∆ on the body-centered cubic lattice B2 has the form
σ(∆) = σac(∆) = σ
0
1 ∪ σ02, σ01 = [0, 8], σ02 = [12, 20]. (8.10)
ii) The spectrum of Schro¨dinger operators H = ∆+Q on B2 has the form
σ(H) = σac(H) = σ1 ∪ σ2 = [λ−1 , λ+2 ] \ γ1, (8.11)
where
λ−1 = 8 + p−
√
p2 + 64 , λ+2 = 8 + p+
√
p2 + 64 , p = q1
2
,
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Figure 9. a) Body-centered cubic lattice B2 ; b) the fundamental graph.
and the gap γ1 satisfies (without loss of generality we may assume that q2 = 0)
γ1 = (λ
+
1 , λ
−
2 ) =

(20, q1 + 8), if 12 < q1
(q1, q1) = ∅, if 4 6 q1 6 12
(q1 + 8, 12), if q1 < 4
.
Proof. i) The fundamental graph Γf of the body-centered cubic lattice B2 consists of 2
vertices v1, v2 with the degrees κ1 = 8, κ2 = 14 and 11 oriented edges
e1 = e2 = e3 = (v2, v2), e4 = . . . = e11 = (v1, v2)
and their inverse edges. The indices of the fundamental graph edges in the coordinate system
with the origin O (Fig.9a) are given by
τ(e1) = τ(e5) = (1, 0, 0), τ(e2) = τ(e6) = (0, 1, 0), τ(e3) = τ(e7) = (0, 0, 1),
τ(e4) = (0, 0, 0), τ(e8) = (1, 1, 0), τ(e9) = (1, 0, 1), τ(e10) = (0, 1, 1), τ(e11) = (1, 1, 1).
For each ϑ ∈ T3 the matrix ∆(ϑ) has the form
∆(ϑ) =
(
8 ∆12
∆¯12 ∆22
)
(ϑ)
{
∆22(ϑ) = 14− 2c0,
∆12(ϑ) = −(1 + eiϑ1)(1 + eiϑ2)(1 + eiϑ3)
, (8.12)
where
c0 = c1 + c2 + c3, cj = cosϑj , j = 1, 2, 3. (8.13)
The direct calculation gives
det
(
∆(ϑ)− λ1 2
)
= λ2 − (22− 2c0)λ+ 8
(
14− 2c0 − (1 + c1)(1 + c2)(1 + c3)
)
.
The eigenvalues of the matrix ∆(ϑ) are given by
λ0n(ϑ) = 11− c0 + (−1)n
√
(3− c0)2 + 8 (1 + c1)(1 + c2)(1 + c3) , n = 1, 2. (8.14)
Thus, the spectrum of the Laplacian on the body-centered cubic lattice B2 has the form
σ(∆) = σac(∆) = [λ
0−
1 , λ
0+
1 ] ∪ [λ0−2 , λ0+2 ], [λ0−n , λ0+n ] = λ0n(T3), n = 1, 2.
From the Proposition 9.1.v it follows that
λ01(ϑ) 6 8 6 λ
0
2(ϑ), ∀ϑ ∈ T3. (8.15)
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Then, investigating the functions λ01, λ
0
2 defined by (8.14) on the extremes and using (8.15),
we obtain
λ0−1 = λ1(0) = 0, λ
0+
1 = λ1(π, π, π) = 8, λ
0−
2 = λ2(π, 0, 0) = 12, λ
0+
2 = λ2(π, π, π) = 20.
ii) The matrix H(ϑ) has the form
H(ϑ) =
(
8 + q1 ∆12
∆¯12 ∆22
)
(ϑ),
where ∆12,∆22 are given in (8.12). By a direct calculation, we get
det(H(ϑ)− λ1 2) = λ2 − 2(11− c0 + p)λ− 8(1 + c1)(1 + c2)(1 + c3) + 112− 16c0 + 28p− 4c0p,
where c0 and cj are defined by (8.13) and p = q1/2. The eigenvalues of the matrix H(ϑ) are
given by
λn(ϑ) = 11− c0 + p+ (−1)n
√(
c0 + p− 3
)2
+ 8(1 + c1)(1 + c2)(1 + c3) , n = 1, 2. (8.16)
Due to Propositions 4.1 and 9.1.v, we have
λ−1 = λ1(0) = 8 + p−
√
p2 + 64 ,
λ1(ϑ) 6 8 + 2p 6 λ2(ϑ), ∀ϑ ∈ T3.
The direct calculation gives
λ1(ϑ0) = 8 + 2p for some ϑ0 ⇔ p 6 6,
λ2(ϑ0) = 8 + 2p for some ϑ0 ⇔ p > 2.
Then, an extremes properties of the functions λ1, λ2 gives
λ+1 = λ1(π, π, π) =
{
8 + 2p, if p 6 6
20, if p > 6
,
λ+2 = λ2(0) = 8 + p+
√
p2 + 64, λ−2 = λ2(π, 0, 0) =
{
8 + 2q, if 2 6 p
12, if p < 2
,
which proves ii).
8.3. Face-centered cubic lattice. The face-centered cubic lattice B4 is obtained from the
cubic lattice L3 by adding one vertex in the center of each cube face. This vertex is connected
with each corner vertex of the cube face (Fig.10a). The fundamental graph Γf of B4 consists
of 4 vertices v1, v2, v3, v4 and 15 edges (Fig.10b).
We consider the Schro¨dinger operators H = ∆+Q on the face-centered cubic lattice B4.
Proposition 8.3. i) The spectrum of ∆ on the face-centered cubic lattice B4 has the form
σ(∆) = σac(∆) ∪ σfb(∆), σac(∆) = [0, 4] ∪ [16, 24], σfb(∆) = {4}, (8.17)
where the flat band 4 has multiplicity 2.
ii) Let the Schro¨dinger operator H = ∆+Q act on B4, where the potential Q satisfies
Q(vj) = qj, j ∈ N4, q4 = 0. (8.18)
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Figure 10. a) Face-centered cubic lattice; b) the fundamental graph.
Then the spectrum of the Schro¨dinger operator H has the form
σ(H) = σac(H) ∪ σfb(H), (8.19)
where
σfb(H) =

∅, if all values q1, q2, q3 are distinct (generic potential)
{q(1) + 4}, if qj = qk = q(1) 6= qn for some j, k, n = 1, 2, 3, n 6= j 6= k, k 6= n
{q(2) + 4}, if q1 = q2 = q3 = q(2)
.
(8.20)
Moreover, the flat band q(1) + 4 has multiplicity 1, the flat band q(2) + 4 has multiplicity 2.
Remark. The spectrum of the Laplacian ∆ on B4 has the flat band 4 of multiplicity 2. If
Q is a generic potential, then the spectrum of H = ∆ + Q is absolutely continuous. In the
case of non-generic potential the operator H has a flat band.
Proof of Proposition 8.3. i) The fundamental graph Γf consists of 4 vertices v1, v2, v3, v4
with the degrees κ1 = κ2 = κ3 = 4, κ4 = 18 and 15 oriented edges
e1 = e2 = e3 = (v4, v4), e4 = . . . = e7 = (v1, v4),
e8 = . . . = e11 = (v2, v4), e12 = . . . = e15 = (v3, v4)
and their inverse edges. The indices of the fundamental graph edges in the coordinate system
with the origin O (Fig.10a) are given by
τ(e1) = τ(e5) = τ(e9) = (1, 0, 0), τ(e2) = τ(e6) = τ(e13) = (0, 1, 0),
τ(e3) = τ(e10) = τ(e14) = (0, 0, 1), τ(e4) = τ(e8) = τ(e12) = (0, 0, 0),
τ(e7) = (1, 1, 0), τ(e11) = (1, 0, 1), τ(e15) = (0, 1, 1).
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For each ϑ ∈ T3 the matrix ∆(ϑ) has the form
∆(ϑ) =

4 0 0 ∆14
0 4 0 ∆24
0 0 4 ∆34
∆¯14 ∆¯24 ∆¯34 ∆44
 (ϑ),

∆14(ϑ) = −(1 + eiϑ1)(1 + eiϑ2)
∆24(ϑ) = −(1 + eiϑ1)(1 + eiϑ3)
∆34(ϑ) = −(1 + eiϑ2)(1 + eiϑ3)
∆44(ϑ) = 18− 2c0
, (8.21)
where recall that c0 = c1 + c2 + c3, cj = cosϑj , j = 1, 2, 3. By a direct calculation, we get
det
(
∆(ϑ)− λ1 4
)
= (4− λ)2(λ2 − 2(11− c0)λ+ 4(15− η − 4c0)),
where
η = η(ϑ) = c1c2 + c1c3 + c2c3.
The eigenvalues of each matrix ∆(ϑ) are given by
Λ0s(ϑ) = (11− c0) + (−1)s
√
(3− c0)2 + 52 + 4η , s = 1, 2, Λ03(ϑ) = Λ04(ϑ) = 4. (8.22)
Thus, the spectrum of the Laplacian on the face-centered cubic lattice B4 has the form
σ(∆) = σac(∆) ∪ σfb(∆), σac(∆) = [Λ0−1 ,Λ0+1 ] ∪ [Λ0−2 ,Λ0+2 ], σfb(∆) = {4},
where the flat band 4 has multiplicity 2 and [Λ0−s ,Λ
0+
s ] = Λs(T
3), s = 1, 2. From Proposition
9.1.v it follows that
Λ01(ϑ) 6 4 6 Λ
0
2(ϑ), ∀ϑ ∈ T3. (8.23)
Then, using Propositions 4.1 and (8.23), we have
Λ0−1 = Λ
0
1(0) = 0, Λ
0+
1 = Λ
0
1(π, π, π) = 4.
A direct calculation yields
Λ0−2 = Λ
0
2(0) = 16, Λ
0+
2 = Λ
0
2(π, π, π) = 24.
ii) The matrix H(ϑ) has the form
H(ϑ) = ∆(ϑ) + q, q = diag(q1, q2, q3, 0),
where ∆(ϑ) is defined by (8.21). We write the characteristic polynomial of the matrix H(ϑ)
in the form of the linear combination of the linearly independent functions
det(H(ϑ) − λ1 4) = η1 + 2η2c1 + 2η3c2 + 2η4c3 + 4η5c1c2 + 4η6c1c3 + 4η7c2c3, (8.24)
where cj = cos ϑj , j = 1, 2, 3, and ηs = ηs(λ, q), s ∈ N7, are given by
η1 = λ
4−(ζ1+30)λ3+(26ζ1+ζ2+252)λ2−(152ζ1+22ζ2+ζ3+832)λ+256ζ1+68ζ2+18ζ3+960,
η2 = −λ3 + (ζ1 + 8)λ2 + (−6ζ1 − ζ2 + 2q3 − 16)λ+ 8q1 + 8q2 + 2ζ2 + 2q1q2 + ζ3,
η3 = −λ3 + (ζ1 + 8)λ2 + (−6ζ1 − ζ2 + 2q2 − 16)λ+ 8q1 + 8q3 + 2ζ2 + 2q1q3 + ζ3,
η4 = −λ3 + (ζ1 + 8)λ2 + (−6ζ1 − ζ2 + 2q1 − 16)λ+ 8q2 + 8q3 + 2ζ2 + 2q2q3 + ζ3,
η5 = −λ2 + (q2 + q3 + 8)λ− 4(q2 + q3)− q2q3 − 16,
η6 = −λ2 + (q1 + q3 + 8)λ− 4(q1 + q3)− q1q3 − 16,
η7 = −λ2 + (q1 + q2 + 8)λ− 4(q1 + q2)− q1q2 − 16,
ζ1 = q1 + q2 + q3, ζ2 = q1q2 + q1q3 + q2q3, ζ3 = q1q2q3.
A point λ is a flat band of the Schro¨dinger operator H iff det(H(ϑ)−λ1 4) = 0 for all ϑ ∈ T3.
Since the linear combination (8.24) of the linearly independent functions is equal to 0, then we
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obtain the system of equations ηs(λ, q) = 0, s ∈ N7. All solutions of this system of equations
have the form
λ = q1 + 4, q1 = q2, q3 ∈ R; λ = q1 + 4, q1 = q3, q2 ∈ R; λ = q2 + 4, q2 = q3, q1 ∈ R,
which yields (8.20).
9. Appendix, well-known properties of matrices
9.1. Properties of matrices. We recall some well-known properties of matrices (see e.g.,
[HJ85]). Denote by λ1(A) 6 . . . 6 λν(A) the eigenvalues of a self-adjoint ν × ν matrix A,
arranged in increasing order, counting multiplicities. Let ρ(A) be the spectral radius of A.
Proposition 9.1. i) Let A = {Ajk}, A+ =
{|Ajk|} and B = {Bjk} be ν × ν matrices. If
|Ajk| 6 Bjk for all j, k ∈ Nν, then ρ(A) 6 ρ(A+) 6 ρ(B) (see Theorem 8.1.18 in [HJ85]).
ii) Let A = {Ajk} and B = {Bjk} be ν × ν matrices with nonnegative entries and A be
irreducible. If B 6= 0, then ρ(A+B) > ρ(A) (see p.515 in [HJ85]).
iii) Let A,B be self-adjoint ν × ν matrices and let B > 0. Then the eigenvalues λn(A) 6
λn(A+B) for all n ∈ Nν (see Corollary 4.3.3 in [HJ85]).
iv) Let A,B be self-adjoint ν × ν matrices. Then for each n ∈ Nν we have
λn(A) + λ1(B) 6 λn(A+B) 6 λn(A) + λν(B)
(see Theorem 4.3.1 in [HJ85]).
v) Let B =
(
A y
y∗ a
)
be a self-adjoint (ν + 1) × (ν + 1) matrix for some self-adjoint ν × ν
matrix A, some real number a and some vector y ∈ Cν . Then
λ1(B) 6 λ1(A) 6 λ2(B) 6 . . . 6 λν(B) 6 λν(A) 6 λν+1(B)
(see Theorem 4.3.8 in [HJ85]).
vi) Let A = {Ajk} be a ν × ν matrix and let Γ(A) be a graph on ν vertices v1, . . . , vν such
that there is an edge (vj, vk) in Γ(A) iff Ajk 6= 0. Then A is irreducible iff Γ(A) is connected
(see Theorem 6.2.24 in [HJ85]).
vii) Let A be a irreducible ν × ν matrix with nonnegative entries. Then the spectral radius
ρ(A) is a simple eigenvalue of A (see Theorem 8.4.4 in [HJ85]).
viii) Let M =
(
A B
C D
)
be a ν×ν matrix for some square matrices A,D and some matrices
B,C. Then
detM = detA · det (D − CA−1B) (9.1)
(see pp.21–22 in [HJ85]).
Proposition 9.2. (see [K13]) i) Let V = {Vjk} be a self-adjoint ν×ν matrix, for some ν <∞
and let B = diag{B1, . . . , Bν}, Bj =
ν∑
k=1
|Vjk|. Then the following estimates hold true:
− B 6 V 6 B. (9.2)
ii) Let, in addition, H0, H = H0 + V be self-adjoint ν × ν matrices. Then the following
estimate holds true:
ν∑
n=1
|λn(H)− λn(H0)| 6 2
ν∑
j,k=1
|Vjk|. (9.3)
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